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SUMMARY 
Conditions f o r  ob ta in ing  maximum performance from two o r  more s t a g e s  of 
space propuls ion are examined both by t h e o r e t i c a l  means and by a procedure 
which u t i l i z e s  numerical i n t e g r a t i o n  of t h e  equat ions of motion i n  p l ane ta ry  
g r a v i t a t i o n a l  f i e l d s  and which includes empi r i ca l ly  der ived  s c a l i n g  laws f o r  
i n e r t  masses. Comparison of r e s u l t s  i n d i c a t e s  t h a t  t h e  assumption of  a con­
s t a n t  value f o r  t he  i n e r t  f r a c t i o n  i n  an often-used t h e o r e t i c a l  model leads  
t o  o p t i m i s t i c  p red ic t ions  of advantages i n  performance t o  be gained by s t ag ing  
space propuls ion systems, even though g r a v i t y  lo s ses  a r e  taken i n t o  account.  
In  genera l ,  r e s u l t s  of t he  numerical method i n d i c a t e  t h a t  t h e  performance 
of two s t ages  of space propuls ion  (cryogenic chemical, so l id -co re  nuc lea r  
systems o r  t h e i r  combinations) does not s i g n i f i c a n t l y  surpass  t h a t  o f  a s i n g l e  
s t a g e  unless  t h e  requi red  energ ies  a r e  so  high t h a t  t h e  payload f r a c t i o n s  a r e  
small (about 0.10 o r  l e s s ) .  Overa l l  performance of  two s t ages  used t o  escape 
from Earth o r b i t  i s  found t o  be i n s e n s i t i v e  t o  the  r a t i o  of  t h e  t h r u s t  of t h e  
second s t a g e  t o  t h a t  o f  t h e  f i rs t  from about 0.10 t o  1 . 0 .  Performance of a 
combination of  nuc lear  and chemical s t ages  i s  b e t t e r  when t h e  chemical system 
serves  as t h e  second r a t h e r  than  the  f i r s t  s t a g e  of a two-stage system. 
Resul ts  of  t he  s tudy i n d i c a t e  t h a t  adding a t h i r d  s t a g e  does l i t t l e  o r  nothing 
t o  increase  performance over t h a t  of two s t a g e s .  
The use of two s t ages  of space propuls ion r a t h e r  than  one i s  appl ied  i n  
seve ra l  high-energy i n t e r p l a n e t a r y  missions.  Resul t s  suggest  t h a t  although 
markedly b e t t e r  performance i s  achieved, the  a c t u a l  performance of two-stage 
systems i n  most of t h e  missions s t u d i e d  i s  s t i l l  so  poor t h a t  o t h e r  means f o r  
accomplishing such missions should be considered.  Poss ib le  a l t e r n a t e  means 
include the use o f  p l ane ta ry  g r a v i t a t i o n a l  f i e l d s  t o  add energy t o  spacec ra f t  
t r a j e c t o r i e s ,  and the  development and use of advanced propuls ion systems such 
as low-thrust  e l e c t r i c  systems ( s o l a r  o r  nuc lea r  power), o r  l i q u i d ?  o r  
gaseous-core nuc lea r  engines of  high s p e c i f i c  impulse,  
I N T R O D U C T I O N  
The energy requirements of c e r t a i n  i n t e r p l a n e t a r y  missions are so l a r g e  
t h a t  using a s ing le - s t age  chemical o r  so l id -co re  nuc lea r  propuls ion  system f o r  
Earth escape o r  t a r g e t  cap ture  o r  both would r e s u l t  i n  excess ive ly  l a r g e  
I 

i n i t i a l  masses i n  Ea r th  o r b i t  f o r  t h e  payloads d e l i v e r e d  ( r e f ,  1 ) .  These 
high-energy missions inc lude  s o l a r  probes t o  wi th in  0.05 of t h e  Sun, synchro­
nous s o l a r  o r b i t e r s  a t  a h e l i o c e n t r i c  d i s t a n c e  of  0.176 AU ( f o r  a 27-day 
pe r iod ) ,  s o l a r  probes i n c l i n e d  t o  t h e  p lane  of  t h e  e c l i p t i c  a t  angles  g r e a t e r  
than  about 45", missions t o  o r b i t  t h e  o u t e r  p l a n e t s  f o r  t r i p  times s h o r t e r  
than  those  r equ i r ed  f o r  Hohmann t r a n s f e r s ,  and o r b i t a l  missions t o  Mercury, 
The purpose of  t h i s  paper  i s  t o  examine whether us ing  two tandem s t a g e s  r a t h e r  
than  one s t a g e  dur ing  Earth escape o r  a t  t h e  t a r g e t  o r  both w i l l  improve t h e  
c a p a b i l i t y  of chemical o r  so l id -co re  nuc lea r  upper-s tage propuls ion  systems 
s u f f i c i e n t l y  t o  j u s t i f y  t h e  added ope ra t iona l  and systems complexity involved.  
Although many ana lyses  and s t u d i e s  p e r t a i n i n g  t o  s t a g i n g  of rocke t s  and 
propuls ion systems have been made, it appears t h a t  a t t e n t i o n  has been confined 
t o  su r face  launch v e h i c l e s  o r  t o  veh ic l e s  i n  g r a v i t y - f r e e  space ( see ,  e . g . ,  
r e f s .  2-4).  Resul t s  o f  such s t u d i e s  have e i t h e r  l i m i t e d  o r  no a p p l i c a t i o n  t o  
the  use of mul t ip l e  s t a g e s  of propuls ion intended f o r  escaping from o r  e f f e c t ­
ing  capture  i n t o  r e l a t i v e l y  low o r b i t s  about p l a n e t s  with apprec iab le  g r a v i t a ­
t i o n a l  f i e l d s .  Consequently, o the r  approaches a r e  developed and appl ied  i n  
t h e  present  s tudy .  
The f i r s t  p a r t  o f  t h e  p re sen t  s tudy dea l s  with t h e  condi t ions  f o r  optimum 
s t ag ing  of two o r  more propuls ion systems t o  ob ta in  t h e  l a r g e s t  payload f r a c ­
t i o n .  F i r s t ,  t h e  usua l  t h e o r e t i c a l  model i n  which t h e  i n e r t  masses s c a l e  
l i n e a r l y  with p r o p e l l a n t  mass i s  adopted i n  o rde r  t o  determine t h e  r e l a t i o n ­
s h i p s  among t h e  var ious  systems parameters which lead t o  maximum o v e r a l l  pe r ­
formance. A second model t h a t  inc ludes  t h e  e f f e c t  o f  "fixed" i n e r t  masses i s  
s i m i l a r l y  analyzed. In  a d i f f e r e n t  approach t h e  payload f r a c t i o n  of two s t ages  
i n  tandem is  optimized on the  b a s i s  of  numerical i n t e g r a t i o n  of  t h e  equat ions 
of motion. This l a t t e r  method t akes  g r a v i t y  lo s ses  i n t o  account and enables  
the  s e l e c t i o n  of  t h e  t h r u s t  l e v e l s  of t h e  two s t ages  t h a t  r e s u l t  i n  t h e  maxi­
mum payload. Resul t s  of t he  t h e o r e t i c a l  and numerical methods a r e  compared 
f o r  propuls ion systems having t h e  same s p e c i f i c  impulse.  
The second p a r t  of t h e  paper a s ses ses  t h e  advantages i n  performance 
r e s u l t i n g  from the  use of two s t ages  of propuls ion ,  r a t h e r  than  one, t o  achieve 
the  high energ ies  t y p i c a l  of s eve ra l  of t h e  aforementioned i n t e r p l a n e t a r y  
missions.  
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NOTATION AND DEFINITIONS 
ins tan taneous  a c c e l e r a t i o n  

i n i t i a l  a c c e l e r a t i o n  

exhaust v e l o c i t y  of p r o p e l l a n t s  

specif ic impu1se 

r a t i o  of  i n e r t  mass t o  p r o p e l l a n t  mass 
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i n i t i a l  g ross  mass of  f irst  s t a g e  
mass of  i n e r t s  which do no t  vary apprec iab ly  with p rope l l an t  mass 
t o t a l  mass o f  s t a g e  i n e r t s  
mass of  s t a g e  p rope l l an t s  
mass of  p r o p e l l a n t  module 
r a t i o  of s t a g e  payload t o  s t a g e  gross  mass 
r a t i o  of  payload of  l a s t  of  n s t ages  t o  i n i t i a l  g ross  mass o f  
f irst  st age 
t h r u s t  
time 
optimum t i m e  f o r  s epa ra t ion  of f irst  s t a g e  
hyperbol ic  excess speed (speed r e l a t i v e  t o  a massive body a t  an 
i n f i n i t e  d i s t ance )  
t o t a l  v e l o c i t y  increment,  inc luding  g r a v i t y  lo s ses  
5 , s lope  of curve of  i n e r t  mass of p r o p e l l a n t  module versus  
dMP 
p r o p e l l a n t  mass 
Subsc r ip t s  
1,2,. . .n f i r s t ,  second, . . . nth  s t a g e  
a p t  values  found t o  y i e l d  optimum r e s u l t s  ( e . g . ,  maximum performance) 
Def in i t i ons  
emos A 	 u n i t  of speed equal t o  Earth mean o r b i t a l  speed about t h e  
Sun, 29.7848 km/sec 
g r a v i t y  A l o s s  i n  performance of a propuls ion  system us ing  f i n i t e  t h r u s t  
l o s s  t o  a c c e l e r a t e  a s t a g e  t o  a f i n a l  v e l o c i t y  and a l t i t u d e  i n  a 
g r a v i t a t i o n a l  f i e l d  as compared with t h e  hypo the t i ca l  pe r fo r ­
mance o f  t h e  same system us ing  an i n f i n i t e l y  l a r g e  impulsive 
t h r u s t  t o  a t t a i n  t h e  same f i n a l  o r b i t a l  energy, The l o s s  i s  
a s soc ia t ed  with t h e  change i n  g r a v i t a t i o n a l  p o t e n t i a l  imparted 
t o  those  p o r t i o n s  of usable  p r o p e l l a n t s  y e t  unconsumed during 
t h e  t h r u s t i n g  pe r iod .  I t  i s  usua l ly  expressed as an equiva len t  
3 
v e l o c i t y  increment which i f  added t o  t h e  impulsive v e l o c i t y  
increment and t h e  sum used i n  t h e  rocke t  equat ion  
M i / ( M i  - M ) = e would y i e l d  t h e  same performance as i n  
t h e  case OF t h e  f i n i t e  t h r u s t i n g .  In  genera l ,  numerical  methods 
are r equ i r ed  t o  eva lua te  t h e  performance of propuls ion  s t a g e s  
having f i n i t e  t h r u s t .  
CONDITIONS FOR OPTIMAL STAGING 
The r a t i o n a l e  f o r  us ing  more than  one s t a g e  of  propuls ion  t o  impart  
v e l o c i t y  t o  a payload is  t h a t  dropping spent  propuls ion  s t ages  reduces t h e  
t o t a l  mass t h a t  undergoes a c c e l e r a t i o n  and thereby  enables  a h ighe r  f i n a l  
v e l o c i t y  t o  be a t t a i n e d  with a given payload, o r  allows a h e a v i e r  payload t o  
be accommodated f o r  a given te rmina l  v e l o c i t y ,  o r  permi ts  a lower i n i t i a l  mass 
f o r  a given payload and te rmina l  v e l o c i t y .  The viewpoint adopted he re  i s  t h a t  
given e i t h e r  payload o r  i n i t i a l  mass, t he  purpose o f  s t a g i n g  upper -s tage  pro­
pu l s ion  systems used f o r  escape from o r  capture  i n t o  p l ane ta ry  o r b i t s  i s  t o  
maximize t h e  r a t i o  of  payload t o  i n i t i a l  mass. Terminal v e l o c i t i e s  r equ i r ed  
$or i n t e r p l a n e t a r y  missions can, of  course,  be determined independent ly  from 
t h e  energy requirements (hyperbol ic  excess speeds) .  
Theore t i ca l  Analysis 
The payload ML o f  a given propuls ion  s t a g e  i s  def ined  by t h e  equat ion  
where M i  i s  t h e  i n i t i a l  g ross  mass of t h e  s t a g e ,  Mp i s  t h e  mass of  propel ­
l a n t s  expended i n  achieving a v e l o c i t y  change AV, and MIN denotes  t h e  mass 
of i n e r t s  ( those of  t h e  rocke t  engine,  p rope l l an t  tank and o t h e r  s t r u c t u r e s ,  
and r e se rve  and u l l a g e  p r o p e l l a n t s ) .  The payload f r a c t i o n  can be expressed 
by 
Two methods o f  t r e a t i n g  t h e  r a t i o  o f  t h e  mass o f  i n e r t s  t o  t h e  p rope l l an t  
mass w i l l  be considered.  For one, t h e  r a t i o  w i l l  be assumed t o  have a con­
s t a n t  va lue  cr f o r  a given s t age .  This assumption has  o f t e n  been adopted i n  
propuls ion and miss ion-ana lys is  s t u d i e s  because of  t h e  s i m p l i c i t y  it a f f o r d s .  
In  t h e  o t h e r  method, t he  i n e r t  masses w i l l  be considered t o  c o n s i s t  p a r t l y  of  
c e r t a i n  "fixed" masses t h a t  do not  change s i g n i f i c a n t l y  with p r o p e l l a n t  mass, 
and p a r t l y  of  o t h e r  masses t h a t  vary l i n e a r l y  wi th  p rope l l an t  mass. This  
view r e s u l t s  i n  an i n e r t  f r a c t i o n  t h a t  v a r i e s  i n  a nonl inear  fash ion  wi th  Mp. 
Linear i n e r t  s c a l i n g  l a w . - If the  r a t i o  of  M I N / M ~  is  assumed t o  be 
equal t o  a cons tan t  0 ,  t h e  equat ion f o r  t h e  payload f r a c t i o n  of a propuls ion  
s t a g e  can be w r i t t e n  
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R = ( 1  + o ) e-AV/C - a  
where c is t h e  exhaust v e l o c i t y  of p r o p e l l a n t s  r e l a t i v e  t o  t h e  spacec ra f t  
(equal t o  t h e  product  o f  go, t h e  s tandard  g r a v i t a t i o n a l  a c c e l e r a t i o n  of  Earth 
(9.80665 m/sec2), and Isp ( s p e c i f i c  impulse) of t h e  s t a g e ) .  I n  t h e  case  of  
two tandem s t a g e s ,  t h e  payload of  t h e  f irst  s t a g e  becomes the  i n i t i a l  g ross  
mass of t he  second; t h e  payload of t h e  second s t a g e  is t h e  mission payload. 
The r a t i o  of t h e  l a t t e r  t o  t h e  i n i t i a l  g ross  mass of t h e  f irst  s t a g e  is  the re ­
f o r e  given by 
where R(2) denotes t h e  payload f r a c t i o n  obtained with two s t ages  of propul­
s i o n ,  and t h e  s u b s c r i p t s  1 and 2 r e f e r  t o  t h e  f irst  and second s t a g e s ,  respec­
t i v e l y .  The payload f r a c t i o n s  of each s t a g e  are given by 
and 
Use is  made of  t h e  condi t ion  t h a t  t h e  sum of t h e  v e l o c i t y  increments A V l  and 
AV2 is equal t o  t h e  t o t a l  AV r equ i r ed  i n  a given app l i ca t ion ,  t h a t  i s ,  
S e t t i n g  equal t o  zero t h e  d e r i v a t i v e  of  R(2) with r e spec t  t o  e i t h e r  AV1 o r  
AV2 y i e l d s  condi t ions  f o r  maximum R(2): 
Even i f  a cons tan t  va lue  i s  assumed f o r  t h e  i n e r t  f r a c t i o n ,  an e x p l i c i t  
expression f o r  A V 1  o r  AV2 i s  no t  obtained f o r  two s t ages  having d i f f e r e n t  
s p e c i f i c  impulses and d i f f e r e n t  i n e r t  f r a c t i o n s .  The expression obtained,  
namely 
‘2 ‘2 ‘2+ 01 
[l - - + - 1 + 0 2  eAVl = cl Ln(l a l  C l  c1 
could be used t o  f i n d  A V 1  and AV2 f o r  given va lues  of  AV, c1, c2, 01, and 
0 2  by graphica l  means, i t e r a t i o n ,  o r  o t h e r  devices .  
If t h e  two s t ages  have t h e  same s p e c i f i c  impulse (c.1 = c2 = c ) ,  some 
s impl i ca t ion  r e s u l t s :  
5 
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A v l  = 0.5 AV + 0 . 5 ~2n 6:-:1:) 
An equat ion o f t e n  used t o  express  t h e  condi t ions  f o r  optimum s t ag ing  of  two 
similar s t a g e s  is obtained when it is  assumed i n  a d d i t i o n  t h a t  o1 = o2  = a 
Thus, w e  have 
and 
R(2) = R2 = [ ( l  + a ) e- A V / 2 c  -
This r e s u l t  can be extended e a s i l y  t o  any number n of  s imilar  s t a g e s ,  t h a t  
i s ,  
R(n) = [ ( l  + o ) e
-AV/nc -
In  r e fe rence  2 ,  e s s e n t i a l l y  t h e  same r e s u l t s  as shown i n  the  foregoing 
were obtained by seeking t h e  condi t ions  f o r  achiev ing  maximum f i n a l  v e l o c i t y  
f o r  a given payload wi th  two s t a g e s .  
Nonlinear s c a l i n g  l a w - f o r  i n e r t s . - In  p r a c t i c a l  p ropuls ion  systems, t h e  
mass of i n e r t s  does not  scale l i n e a r l y  with t h e  mass of usable  p r o p e l l a n t s .  
In  t h e  case of t h e  p r o p e l l a n t  module (propuls ion module less t h e  engine) ,  
masses of c e r t a i n  i tems tend t o  remain r e l a t i v e l y  cons tan t  f o r  r a t h e r  wide 
v a r i a t i o n s  i n  t h e  p r o p e l l a n t  capac i ty  of  t h e  t anks .  One use fu l  s c a l i n g  l a w  
f o r  c a l c u l a t i n g  t h e  mass of a p rope l l an t  module (empty, except f o r  r e se rve  
p rope l l an t s  and p r e s s u r i z a t i o n  devices)  i s  ( r e f .  1) 
MS = 	 A MPos9 + B (7)
533 
i n  which A and B are cons tan ts ,  p is t h e  s p e c i f i c  g r a v i t y  of t h e  p r o p e l l a n t ,  
and MS is  t h e  i n e r t  mass of  t h e  tank and a s soc ia t ed  s t r u c t u r e s  and compo­
nen t s .  This equat ion was used f o r  t h e  p l o t s  i n  f i g u r e  1 f o r  modules designed 
t o  conta in  l i q u i d  hydrogen and l i q u i d  hydrogen/ l iquid oxygen; t h e  f i g u r e  a l s o  
shows t h e  r a t i o  of  MS t o  Mp i n  each case. I t  i s  ev ident  t h a t  t h e  r a t i o  
Ms/Mp increases  as t h e  mass of r equ i r ed  p rope l l an t  decreases ,  
The mass of a given rocket  engine depends c h i e f l y  upon i t s  design t h r u s t  
l e v e l ,  which, i n  p r a c t i c e ,  i s  not  va r i ed  with p r o p e l l a n t  mass but i s  s e l e c t e d  
on t h e  b a s i s  of s t a g e  a c c e l e r a t i o n  l e v e l s  ( i . e . ,  i n i t i a l  g ross  weight) .  Also, 
i n  t h e  i n t e r e s t s  of economy, a given engine i s  l i k e l y  t o  be used i n  s e v e r a l  
app l i ca t ions  involving a r a t h e r  wide range of p rope l l an t  requirements .  
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An add i t iona l  more-or-less “ f ixed”  i n e r t  mass i s  t h a t  of i n t e r s t a g i n g  
s t r u c t u r e s  used t o  in te rconnec t  t h e  payload with t h e  propuls ion  system, and 
one s t a g e  with another .  
I f  t h e  i n e r t  mass of a s t a g e  is  considered t o  inc lude  both  “f ixed” masses 
and those  t h a t  vary l i n e a r l y  wi th  p rope l l an t  mass, t h e  i n e r t  f r a c t i o n  k l  of  
t h e  f irst  s t a g e  would be 
where 0 is  dMS/dMp, a cons tan t ,  and 
s t a g e .  The payload f r a c t i o n  R 1  then becomes 
is  t h e  f i x e d  mass of t h e  f irst
MF1 
For a second s t a g e ,  however, t h e  i n e r t  f r a c t i o n  k 2  involves  t h e  payload 
f r a c t i o n  of t h e  f irst  s t a g e ,  t h a t  i s ,  
Likewise, t h e  second-stage payload f r a c t i o n  i s  now 
The o v e r a l l  payload f r a c t i o n  of t h e  two-stage system can be expressed by 
+ al)e-AV1/cl - cr~( + &)][(I + 02)e-Av2/c2 - 0 2 1  -
Mi (8) 
Conditions f o r  ob ta in ing  maximum performance of two s t ages  i n  t h i s  case are 
found t o  be 
RICleAV, /c ,  [R2 + (MFJRlMJc2 
1 + 01 
R 2  + 0 2  + 
or ,  i n  t e r m s  of v e l o c i t y  increments ,  
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C C 
AV1 = c1 zn 1 - -
2 + - 2 c1 C l  1 + 0 2  
As i n  t h e  previous example based on a l i n e a r  s c a l i n g  law, g raph ica l  o r  i t e r a ­
t i o n  methods o r  o t h e r  schemes are r equ i r ed  t o  o b t a i n  va lues  of AV1 o r  AV2 i n  
t h e  genera l  case .  
If both s t a g e s  have t h e  same s p e c i f i c  impulse and u t i l i z e  i d e n t i c a l  pro­
p e l l a n t s  ( i . e . ,  c1 = c2 = c, and 01 = o2 = o ) ,  f a i r l y  simple express ions  are 
obtained f o r  t h e  s t a g e  v e l o c i t y  increments:  
A V l  = 0 .5  AV - 0 . 5 ~l n  (1 + __2) 
AV2 = 0.5 AV + 0 . 5 ~In 
OMi 
The equat ion f o r  t h e  maximum payload f r a c t i o n  of  t h e  two similar s t a g e s  can be 
w r i t t e n  as 
This expression can be  compared with equat ion (5) which was der ived  e a r l i e r  on 
t h e  b a s i s  of a l i n e a r  s c a l i n g  law f o r  i n e r t s .  I t  i s  clear t h a t  a simple d e f i ­
n i t i o n  f o r  t h e  i n e r t  f r a c t i o n  leads  t o  a more o p t i m i s t i c  view of t h e  e f f i c a c y  
of  s t ag ing  than does t h e  more p r a c t i c a l  and r e a l i s t i c  d e f i n i t i o n  used t o  
obta in  equat ion ( 1 0 ) .  
Calcu la t ions  f o r  more than two s t ages  become inc reas ing ly  involved and 
lead  t o  inconvenient s o l u t i o n s .  The case of t h r e e  s t ages  having t h e  same 
s p e c i f i c  impulse and us ing  i d e n t i c a l  p r o p e l l a n t s  is t r e a t e d  h e r e .  The pay­
load f r a c t i o n  R ( 3 )  can be expressed as 
If  AV3 i s  considered f ixed ,  one f inds  by so lv ing  t h e  expression 
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t h a t  
AV, = AV2 - c 2n (1 + ­1:;) 
or ,  with t h e  condi t ion  t h a t  t h e  sum of t h e  th ree - s t age  v e l o c i t y  increments is 
equal  t o  t h e  t o t a l  change AV requi red ,  
A V l  = O.S(AV - AV3) - 0 . 5 ~Zn[ + 3) 
and 
AV2 = O.S(AV - AV3) + 0 . 5 ~2n( + 2) 
as might be expected from t h e  r e s u l t s  obtained i n  t h e  case of two s imi l a r  
s t ages  ( c f .  eq.  ( 9 ) ) .  S u b s t i t u t i n g  these  values  of A V l  and AV2 i n t o  equa­
t i o n  (11) gives  an expression f o r  R(3) i n  terms of AV3,  AV, c ,  IJ and t h e  
r a t i o s  of t h e  f ixed  masses t o  t h e  i n i t i a l  mass, I f  w e  s e t  
M 

A = 1 + - Fi  C = l + a  
OMi 
MF 

B = - 2 D = eAV/ 2c 
OMi 
the  expression f o r  R(3) becomes 
From the  procedure used i n  i t s  d e r i v a t i o n ,  equat ion (13) r ep resen t s  t h e  locus 
of first-maximum values  of R(3) f o r  a l l  values  of AV3 i n  t h e  range of AV. 
To f i n d  t h e  va lue  o f  A V g  corresponding t o  t h e  o v e r a l l  maximum value  of R(3),  
we equate t o  zero t h e  r e s u l t  of d i f f e r e n t i a t i n g  t h e  r ight-hand member of equa­
t i o n  (13) with r e spec t  t o  AV3 and so lve  t h e  r e s u l t a n t  equat ion f o r  t h e  
appropr ia te  r o o t .  In  terms of  x = eAv3/2c, t h e  r e s u l t a n t  equat ion can be  E 
w r i t t e n  as 
I n  genera l ,  only one r o o t  of t h i s  equat ion w i l l  y i e l d  a maximum value  of R(3).  
Analysis shows t h a t  t y p i c a l l y  only one real p o s i t i v e  r o o t  of equat ion (14) 
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.exists when t h e  c o e f f i c i e n t s  are r e l a t e d  t o  propuls ion  systems. Once t h i s  
r o o t  X I  i s  found, it can be used i n  equat ion (13) t o  f i n d  t h e  maximum p e r f o r ­
mance of t h r e e  similar s t a g e s  d i r e c t l y ,  o r ,  a l t e r n a t i v e l y ,  t h e  t h r e e  AV can 
be ca l cu la t ed  from 
AV3 = 2c I n  x1 
and from equat ion (12); t hese  AV can be used t o  c a l c u l a t e  t h e  payload frac­
t i o n s  R 1 ,  R 2 ,  and R 3 ,  and then R ( 3 )  = R1R2R3.  
Numerical Method 
Although t h e  equat ions der ived  i n  t h e  foregoing may appear e n t i r e l y  
app l i cab le  t o  a s ses s ing  performance of two o r  perhaps more s t ages  of  space 
propuls ion  systems, they  a l l  s u f f e r  from a common d e f e c t .  This d e f e c t  arises 
from t h e  lack o f  exact d e f i n i t i o n s  of  t h e  t o t a l  v e l o c i t y  change requi red ,  AV, 
and of t h e  AV suppl ied  by each s t a g e .  The equat ions  apply a c t u a l l y  t o  sys­
tems of i n f i n i t e l y  high t h r u s t  ( impulsive AV). However, i n  p r a c t i c e ,  t h e  
s t a g e  AV w i l l  g ene ra l ly  inc lude  "gravi ty"  lo s ses  which depend on t h e  acce l ­
e r a t i o n s ,  speeds,  f l i g h t - p a t h  angles ,  and d i s t ances  from p l a n e t s  a t  t h r u s t  
i n i t i a t i o n  of each s t a g e ,  as wel l  as on t h e  s p e c i f i c  impulse.  I t  is no t  
known a priori what t h e  t o t a l  AV, inc luding  s t a g e  g r a v i t y  l o s s e s ,  w i l l  b e  f o r  
a given requi red  hyperbol ic  excess speed. Nor do t h e  equat ions der ived  con­
t a i n  information r e l a t i n g  t o  t h e  t h r u s t  l e v e l s  and, hence, engine masses 
appropr ia te  t o  each s t a g e .  To be t r u l y  r e p r e s e n t a t i v e  of a c t u a l  s t a g i n g  per ­
formance, t h e  t h e o r e t i c a l  equat ions should be supplemented by a d d i t i o n a l  
information from o t h e r  sources .  
I n  add i t ion ,  it was noted i n  t h e  t h e o r e t i c a l  approach t h a t  s o l u t i o n s ,  i n  
t he  case of  d i s s i m i l a r  s t a g e s ,  are not  mathematically convenient .  
In  view of t h e  foregoing,  a numerical approach w a s  developed t o  inc lude  
g r a v i t y  lo s ses  and r e a l i s t i c  s c a l i n g  laws f o r  i n e r t s  i n  t h e  s imula t ion  o f  t h e  
s t ag ing  of  two propuls ion  systems having e i t h e r  similar o r  un l ike  cha rac t e r ­
is t ics .  In  b r i e f ,  equat ions of motion of a given i n i t i a l  mass undergoing 
t a n g e n t i a l  t h r u s t  are f i rs t  i n t e g r a t e d  numerical ly  from an i n i t i a l  v e l o c i t y  
and p l ane ta ry  d i s t a n c e  t o  some f r a c t i o n  f o f  a given hyperbol ic  excess  
speed Vm (0 f 5 1). Tangent ia l  t h r u s t  has been shown t o  g ive  r e s u l t s  
wi th in  a f r a c t i o n  of  1 percent  of those based on an optimal s t e e r i n g  program 
i n  s imi la r  app l i ca t ions  and involves  guidance requirements less complex than  
those  of t he  optimal method (e .g . ,  r e f .  5 ) .  The payload a t  te rmina t ion  of  
t h e  f i r s t - s t a g e  t h r u s t i n g  is then c a l c u l a t e d  and used as t h e  i n i t i a l  mass of 
t h e  second s t a g e .  I n t e g r a t i o n  is  resumed with t h i s  mass and wi th  an input  
t h r u s t  l e v e l  of t h e  second s t a g e  u n t i l  t h e  given hyperbol ic  excess v e l o c i t y  
is reached. The payload of t h e  second s t a g e  is then ca l cu la t ed ,  as i s  t h e  
product of t h e  two payload f r a c t i o n s ,  R ( 2 ) .  The f r a c t i o n  f i s  decreased 
incremental ly  from u n i t y  (which r ep resen t s  a s i n g l e  s t a g e  only)  toward zero.  
The f r a c t i o n  f t h a t  produces the  l a r g e s t  o v e r a l l  payload f r a c t i o n  is then  
found, as well as t h e  l a r g e s t  va lue  of R ( 2 )  and i t s  components R 1  and R 2 .  
The l a r g e s t  value o f  R ( 2 )  obtained i n  t h i s  way w i l l  no t  always n e c e s s a r i l y  
be t h e  maximum r a t i o  poss ib l e ;  inasmuch as f has a lower l i m i t  of  zero,  t h e  
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first  s t a g e  w i l l  c o n t r i b u t e  a t  l e a s t  pa rabo l i c  v e l o c i t y ,  and it is  conceivable  
t h a t  i n  some ins t ances  dropping of t h e  f irst  s t a g e  a t  lower v e l o c i t y  could 
y i e l d  a l a r g e r  payload. However, f o r  hyperbol ic  excess speeds as l a r g e  as 
0.1 emos ( e a r t h  mean o r b i t a l  speed, 29.7848 km/sec), a n a l y s i s  of  t h e  d e t a i l e d  
d a t a  from computer runs shows t h a t  t h e  s lopes  of t h e  curves of  payload frac­
t i o n  versus  f f o r  both s t a g e s  reach equal  absolu te  values  a t  f 2 0 s a t i s f y ­
ing  the  condi t ions  f o r  t h e  maximum value  of t h e  product of  t h e  f r a c t i o n s .  
Other q u a n t i t i e s  of  i n t e r e s t  are ca l cu la t ed  f o r  each va lue  of f .  These 
inc lude  t h e  impulsive A V ,  g r a v i t y  l o s s e s ,  i n e r t  f r a c t i o n s ,  and t h r u s t i n g  
times o f  each of  t h e  two s t a g e s .  For depara ture  from a p lane ta ry  o r b i t  ( c i r ­
c u l a r  or e l l i p t i c )  t h e  i n t e g r a t i o n  proceeds normally wi th  t h e  a c c e l e r a t i o n  due 
t o  t h r u s t  i nc reas ing  with t i m e  s i n c e  t h e  mass decreases .  For capture  i n t o  a 
p l ane ta ry  o r b i t  , however, t h e  i n t e g r a t i o n  commences a t  t h e  f i n a l  condi t ions  of  
payload mass, v e l o c i t y ,  and p o s i t i o n  i n  t h e  o r b i t  and proceeds toward t h e  
mostly unknown i n i t i a l  condi t ions ,  with mass inc reas ing  wi th  t i m e  ( t h r u s t  
a c c e l e r a t i o n  dec reas ing ) .  An automated i t e r a t i o n  scheme is  employed i n  t h i s  
case. The foregoing procedure is incorpora ted  i n t o  a program f o r  a high-speed 
d i g i t a l  computer. 
With such a computer program, t h e  e f f e c t s  on two-stage performance can be  
found r e a d i l y  f o r  a number of parameters such as i n i t i a l  a c c e l e r a t i o n  of  t h e  
f irst  s t a g e ,  t h r u s t  l e v e l  of t h e  second s t a g e ,  hyperbol ic  excess speed, and 
magnitude of  s t a g e  i n e r t s .  These e f f e c t s  are d iscussed  i n  t h e  fol lowing 
s e c t i o n s .  
To assist t h e  r eade r  i n  r e l a t i n g  performance c a p a b i l i t i e s  of propuls ion  
systems d iscussed  subsequent ly  t o  mission energy requirements , hyperbol ic  
excess speeds f o r  t y p i c a l  high-energy missions are l i s t e d  h e r e .  
M i s  sion Hyperbolic-~ excess speeds , emos (km/sec) 
Earth depar t  P lane t  a r r i v a l  P lane t  depar t  
S o l a r  probe t o  0.05 AU 0.680 (20.254) 
45" i n c l i n a t i o n  t o  
e c l i p t i c  0.695 (20.700) 
Synchronous s o l a r  o r b i t  0.445 (13.254) 0.7249 (21.590) 
J u p i t e r  o r b i t e r  (550 
Sa turn  o r b i t e r  (3  y r )
days 1 0.353 (10.514) 
0.395 (11.765) 
0.400 (11.914) 
0.395 (11.765) 
Uranus o r b i t e r  (6 y r )  0.432 (12.867) 0.413(12.301) 
Mercury manned o r b i t e r  
(370 days)- 0.323 (9.623) 0.2819 (8.396) 1 0.3643(10.851) ~~ 
I n i t i a l  a c c e l e r a t i o n  o f  f irst  s t a g e . - In  o rde r  t o  ga in  an i n s i g h t  i n t o  
t h e  f a c t o r s  t h a t  i n f luence  t h e  s e l e c t i o n  of t h e  i n i t i a l  a c c e l e r a t i o n  of  t h e  
first s t a g e  of  a two-stage propuls ion  system, t h e  performance of  a s i n g l e  
s t a g e  i n  achieving hyperbol ic  excess speed i n  t h e  g r a v i t y  f i e l d  of a p l ane t  i s  
f irst  examined. Two approaches t o  t h e  problem of determining t h e  v a r i a t i o n  o f  
performance wi th  i n i t i a l  a c c e l e r a t i o n  are p o s s i b l e .  For example, i n  t h e  case 
o f  i n j e c t i o n  from a parking o r b i t  about Ear th  i n t o  some h e l i o c e n t e r  t r a j e c t o r y ,  
one can assume t h a t  t h e  i n i t i a l  mass i s  f i x e d  by t h e  o r b i t a l  payload capabi l ­
i t y  of  a given launch v e b i c l e ,  or, conversely,  t h a t  a rocke t  engine of given 
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t h r u s t  i s  a v a i l a b l e ,  t o  be used e i t h e r  s i n g l y  o r  c l u s t e r e d  t o  g ive  quantum 
s t e p s  i n  t h r u s t  l e v e l .  E i t h e r  viewpoint may be app l i cab le  depending upon 
circumstances.  The two approaches can be expected t o  produce somewhat d i f f e r ­
e n t  r e s u l t s  s i n c e  t h e  v a r i a t i o n  o f  i n e r t  f r a c t i o n s  wi th  a c c e l e r a t i o n  w i l l  no t  
be the  same i n  each case. Resu l t s  are given he re  f o r  both assumptions i n  t h e  
cases of chemical and nuc lea r  s t a g e s .  Data are obta ined  wi th  t h e  computer 
program descr ibed ,  u t i l i z i n g  an opt ion  which bypasses c a l c u l a t i o n s  f o r  a 
second s t a g e .  I n e r t  masses inc lude ,  f o r  t h e  p re sen t  purpose,  only those  of 
t h e  p rope l l an t  modules and of  t h e  rocke t  engines  as given i n  appendix A o r  
f i g u r e  2 .  
Figure 3 shows t h e  v a r i a t i o n s  of  payload f r a c t i o n  with i n i t i a l  acce le ra ­
t i o n s  f o r  a chemical propuls ion  system. In  p a r t  (a)  of  f i g u r e  3,  an i n i t i a l  
mass of  113,100 kg (250,000 lbm) is  assumed and t h e  engine t h r u s t  i s  v a r i e d .  
The e f f e c t  of doubling t h e  mass of  t h e  p r o p e l l a n t  module i s  a l s o  shown. I n  
p a r t  (b) ,  t he  engine t h r u s t  i s  he ld  f i x e d  and t h e  i n i t i a l  mass is  v a r i e d .  In  
both cases ,  t h e  f i g u r e  shows t h a t  t h e  e f f e c t  of t h e  i n i t i a l  a c c e l e r a t i o n  upon 
payload f r a c t i o n  is  small as long as t h e  a c c e l e r a t i o n  i s  a t  least  one - th i rd  o f  
an Earth g.  The d i f f e r e n c e  between the  optimum i n i t i a l  a c c e l e r a t i o n s  
obta ined  by the  two foregoing methods is  shown i n  f i g u r e  4.  Although varying 
t h e  t h r u s t  t o  s u i t  t h e  i n i t i a l  mass appears  t o  r e s u l t  i n  somewhat l a r g e r  o p t i ­
mum i n i t i a l  a c c e l e r a t i o n s  than  does a d j u s t i n g  the  mass t o  a given engine 
t h r u s t  l e v e l ,  f i g u r e  4 a l s o  shows t h a t  t h e  optimum payload f r a c t i o n  i s  essen­
t i a l l y  unaf fec ted .  Figure 5 i n d i c a t e s  t h a t  an inc rease  i n  propellant-module 
i n e r t  mass tends t o  r e q u i r e  s l i g h t l y  l a r g e r  a c c e l e r a t i o n s  t o  ob ta in  t h e  maxi­
mum payload f r a c t i o n s .  The payload f r a c t i o n s  d i f f e r  by about 0.05 t o  0.065 
f o r  a given hyperbol ic  excess v e l o c i t y ;  f o r  equal va lues  of  payload f r a c t i o n ,  
t h e  e x t r a  i n e r t s  decrease t h e  hyperbol ic  excess v e l o c i t y  a t t a i n a b l e  by about 
0.048 t o  0.10 emos (1.4 t o  3 .0  km/sec). 
A similar a n a l y s i s  i s  made f o r  a nuc lea r  propuls ion  system. Resul t s  are 
shown i n  f i g u r e s  6 ,  7 ,  and 8.  

t he  nuc lear  s t a g e  is  more s e n s i t i v e  t o  i n i t i a l  a c c e l e r a t i o n  than t h a t  o f  t h e  

I t  i s  noted i n  f i g u r e  6 t h a t  t h e  performance of 
chemical system, p a r t i c u l a r l y  when t h e  d a t a  a r e  obta ined  by varying t h e  i n i ­
t i a l  mass while holding t h e  t h r u s t  l e v e l  cons tan t .  The more r ap id  f a l l i n g  off 
of payload f r a c t i o n  with inc reas ing  i n i t i a l  a c c e l e r a t i o n  observed i n  f i g ­
u r e  6(b) is  l a r g e l y  owing t o  t h e  f a c t  t h a t  t he  i n e r t  masses ( e . g . ,  t h e  engine 
mass) c o n s t i t u t e  an i n c r e a s i n g l y  l a r g e r  f r a c t i o n  o f  t h e  t o t a l  mass as t h e  
i n i t i a l  a c c e l e r a t i o n  i s  increased .  A s  noted i n  f i g u r e  7, t h e  optimum payload 
f r a c t i o n  i s  l a r g e r  when t h r u s t  i s  cons tan t  than when i n i t i a l  mass is cons t an t .  
This d i f f e rence  i s  due t o  t h e  i n i t i a l  masses a l s o  being l a r g e r  and hence t h e  
i n e r t  f r a c t i o n s  sma l l e r  f o r  a f i x e d  t h r u s t  l e v e l .  For t h e  chemical system 
discussed previous ly ,  t h e  e f f e c t s  j u s t  noted a r e  s c a r c e l y  d i s c e r n i b l e  c h i e f l y  
because the  engine mass r ep resen t s  only a small f r a c t i o n  of t h e  i n e r t  mass, 
i n  con t r a s t  t o  t h e  nuc lear  system, and the  i n i t i a l  masses a r e  more n e a r l y  t h e  
same. The e f f e c t  o f  doubling t h e  i n e r t  masses of t h e  p r o p e l l a n t  module has 
l i t t l e  e f f e c t  on the  values  o f  optimum i n i t i a l  a c c e l e r a t i o n  when the  nuc lear  
~~ 
IThis i s  t r u e  only f o r  i n i t i a l  masses and t h r u s t  l e v e l s  as l a r g e  as those  
considered he re .  For masses o r  t h r u s t  l e v e l s  cons iderably  smal le r ,  t he  s e n s i ­
t i v i t y  of payload f r a c t i o n  t o  i n i t i a l  a c c e l e r a t i o n  is  g r e a t e r  and t h e  
optimum a c c e l e r a t i o n  is  lower. 
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engine has  a f i x e d  t h r u s t  l e v e l  of  444,822 N (100,000 l b f )  ( f i g .  8 ) .  The 
effect  on optimum payload f r a c t i o n  i s  s i g n i f i c a n t ,  however, 
From t h e  resu l t s  j u s t  p resented ,  t h e  v a r i a t i o n  of  t h e  optimum i n i t i a l  
acce le ra t ion  with hyperbol ic  excess speed i s  not  so l a r g e  t h a t  t h e  use o f  an 
average value would r e s u l t  i n  no t i ceab le  l o s s  i n  performance over a wide range 
of energy requirements.  This  fact  has a bear ing on t h e  choice of t h e  i n i t i a l  
acce le ra t ion  f o r  t h e  f irst  s t a g e  of  a two-stage system. The hyperbol ic  excess 
speed a t t a i n e d  a t  t h e  end o f  optimum f i r s t - s t a g e  t h r u s t i n g  w i l l  vary from 
near -parabol ic  values  t o  gene ra l ly  not  more than about h a l f  t h e  t o t a l  speed 
requi red .  Hence, t h e  i n i t i a l  a c c e l e r a t i o n  found t o  be optimum f o r  a s i n g l e  
s t a g e  a t  a given hyperbol ic  excess speed can be considered e s s e n t i a l l y  optimum 
f o r  t h e  f irst  s t a g e  of  a two-stage system designed t o  a t t a i n  t h e  same energy 
s t a r t i n g  from the  same parking o r b i t  and same i n i t i a l  mass as t h e  s i n g l e  s t age .  
E f fec t  of engine l i f e t i m e  on s e l e c t i o n  of  i n i t i a l  acce le ra t ion . - Although 
it i s  d e s i r a b l e  t o  match engine t h r u s t  and i n i t i a l  g ross  mass t o  achieve t h e  
maximum payload f r a c t i o n  as c l o s e l y  as i s  p r a c t i c a l ,  t he re  may be another  con­
s i d e r a t i o n ,  a t  least  f o r  t he  nuc lea r  engine.  Although cur ren t  p lans  c a l l  f o r  
s eve ra l  hours (perhaps as many as 10) of t o t a l  opera t ing  t i m e  f o r  a mul t ip le -
r e s t a r t  nuc lea r  engine,  a "single-use" time may, f o r  one reason o r  another ,  be 
l i m i t e d  t o  some d e f i n i t e  pe r iod .  The e f f e c t s  of l i m i t i n g  s ingle-use  time on 
the  minimum permiss ib le  i n i t i a l  acce le ra t ion  o f  t he  nuc lear  engine i s  examined 
he re .  The time requi red  t o  achieve a given v e l o c i t y  increment can be 
expressed i n  terms of  t he  i n i t i a l  acce le ra t ion  a i  and s p e c i f i c  impulse of  
t h e  propuls ion system as fo l lows:  
t = ( l - e  -AV/goIsp) !!zEI 
ai 
For a given al lowable t ime o f  engine ope ra t ion ,  t he  minimum i n i t i a l  acce le ra ­
t i o n  i s  
This r e l a t i o n s h i p  i s  p l o t t e d  i n  f i g u r e  9 aga ins t  AV f o r  a nuc lear  engine 
having a s p e c i f i c  impulse of  820 s e c  and f o r  a l lowable opera t ing  t imes of 1800, 
2700, and 3600 s e c ,  An a u x i l i a r y  s c a l e  shows t y p i c a l  hyperbol ic  excess speeds 
a t t a i n e d  with these  AV i n  depar t ing  Earth from a c i r c u l a r  o r b i t  ( a l t i t u d e  
485 km) with an i n i t i a l  a c c e l e r a t i o n  o f  0.25 Earth g. (The s c a l e  would be 
s h i f t e d  somewhat f o r  o t h e r  a l t i t u d e s  and o t h e r  values  of a i . )  A comparison 
of f i g u r e  9 with f i g u r e  6(b)  shows t h a t  an al lowable opera t ion  t i m e  of 1800 
sec imposes poss ib l e  p e n a l t i e s  i n  payload f r a c t i o n  ranging from zero t o  about 
18 percent  f o r  hyperbol ic  excess speeds up t o  0 .5  emos i n  t h e  case of Ear th  
depar ture  with a t h r u s t  l e v e l  of  444,822 newtons (100,000 l b f ) .  Increas ing  
t h e  al lowable time t o  2700 s e c  reduces t h e  l a r g e s t  pena l ty  t o  about 2 pe rcen t  
a t  a Vm of  about 0 .5  emos. With an al lowable t i m e  o f  3600 sec ,  t h e  minimum 
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t h r u s t - t o - i n i t i a l - w e i g h t  r a t i o  i s  smaller than  d e s i r a b l e  f o r  maximum payload 
f r a c t i o n  except f o r  hyperbol ic  excess speeds as l a r g e  as 0 .6  emos when a 
nuc lea r  engine of  t h e  above t h r u s t  is used ( f i g .  6 ( b ) ) .  In  t h i s  i n s t ance  
(V, = 0 . 6 ) ,  t h e  payload f r a c t i o n  reduces t o  a mere 0.10 percent  o r  so i f  t h e  
engine is  not  operated beyond 3600 sec. Staging i n  t h i s  case could improve 
t h e  payload f r a c t i o n  and reduce t h e  ope ra t ing  time requ i r ed  of  e i t h e r  s t a g e  
t o  considerably l e s s  t han  3600 sec. 
Effect of  second-stage t h r u s t  l eve l . - I n  a previous  s e c t i o n  ( " I n i t i a l  
acce le ra t ion  of  first s tage")  it was found t h a t  t h e  i n i t i a l  a c c e l e r a t i o n  which 
would r e s u l t  i n  maximum performance o f  a s i n g l e  s t a g e  during escape from 
Earth t o  a given hyperbol ic  excess speed could a l s o  be considered as essen­
t i a l l y  optimum f o r  t h e  first s t a g e  of  a two-stage space propuls ion  system 
requi red  t o  a t t a i n  t h e  same energy under similar i n i t i a l  cond i t ions .  For t h e  
p re sen t ,  t he  foregoing r e s u l t  w i l l  be  used t o  f i x  t h e  i n i t i a l  a c c e l e r a t i o n  of  
t h e  f irst  s t a g e  i n  an i n v e s t i g a t i o n  of t h e  effect  on performance of varying 
the  t h r u s t  l e v e l  of  t h e  second s t a g e  of  a two-stage veh ic l e .  
Some f e e l i n g  f o r  t h e  f a c t o r s  involved i n  s e l e c t i n g  a t h r u s t  level f o r  t h e  
second s t a g e  may be obtained from applying t h e  r e s u l t s  of  previous t h e o r e t i c a l  
analyses  i n  combination with c e r t a i n  assumptions.  Fo r  example, t h e  adopt ion 
of t he  assumption t h a t  t h e  s ing le - s t age  optimal i n i t i a l  a c c e l e r a t i o n  is  a l s o  
e s s e n t i a l l y  optimum f o r  a f irst  s t a g e  leads  t o  another  v a l i d  assumption 
according t o  the  fol lowing h e u r i s t i c  seasoning.  The t h r u s t - a c c e l e r a t i o n  
h i s t o r y  of both t h e  s i n g l e  s t a g e  and t h e  f irst  s t a g e  of t h e  two-stage veh ic l e  
is given by 
aia ( t )  = 1 - ( a i / c ) t  
where a ( t )  i s  t h e  a c c e l e r a t i o n  due t o  t h r u s t  at  a t i m e  t fol lowing t h r u s t  
i n i t i a t i o n .  Associated with t h i s  a c c e l e r a t i o n  p r o f i l e  is a t r a j e c t o r y  which, 
with a given t h r u s t i n g  program ( t a n g e n t i a l  s t e e r i n g  is  assumed here)  and an 
optimum i n i t i a l  a c c e l e r a t i o n ,  makes t h e  b e s t  compromise between g r a v i t y  l o s s e s  
on t h e  one hand and p r o p e l l a n t  consumption and i n e r t  masses on t h e  o t h e r  i n  
a t t a i n i n g  a given hyperbol ic  excess v e l o c i t y .  Such a t r a j e c t o r y  r e s u l t s  i n  
maximum performance of  a s i n g l e  s t a g e .  Under t h e  p re sen t  assumption, t h e  
two-stage veh ic l e  has  t h e  same a c c e l e r a t i o n  h i s t o r y  and t r a j e c t o r y  up t o  the  
optimum time ts f o r  s epa ra t ion  of  t h e  f irst  s t a g e  and start  of  t h e  second-
s t a g e  engine (assumed t o  occur s imultaneously wi th  s e p a r a t i o n ) .  I t  t h e r e f o r e  
appears reasonable  t o  assume t h a t  t h e  second s t a g e  would a t t a i n  e s s e n t i a l l y  
m a x i m u m  performance i f  it continued the  optimum s ing le - s t age  t r a j e c t o r y  u n t i l  
t he  remaining energy were provided.  
If the  foregoing assumption is  adopted, it follows t h a t  t he  a c c e l e r a t i o n  
h i s t o r y  of t he  s i n g l e  s t a g e  should remain unbroken. Then a t  time ts 
T. 
Hence, t he  optimum r a t i o  o f  second-stage t h r u s t  t o  t h a t  o f  t h e  f irst  s t a g e  is  
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where the  d e f i n i t i o n  of  t h e  payload f r a c t i o n  R 1  o f  t h e  f i r s t  s t a g e  i s  t h a t  
used i n  t h e  a n a l y t i c  method based on non l inea r  i n e r t  f r a c t i o n s .  The same 
theory  g ives ,  f o r  similar s t ages  ( c f .  eq.  (9) )  
Thus, i n  terms of  t h e  t o t a l  requi red  v e l o c i t y  increment A V ,  t h e  r a t i o  can be 
expressed as 
Equation (15) i n d i c a t e s  t h a t  T2 should always be l e s s  than  T1,  and decrease 
r e l a t i v e  t o  TI  as energy requirements (V,) i nc rease .  
I f  a good e s t ima te  f o r  AV ( inc luding  g r a v i t y  lo s ses )  is  a v a i l a b l e  f o r  a 
given hyperbol ic  excess sp.eed, equat ion (15) may be u s e f u l .  However, t h e  
s e n s i t i v i t y  of performance t o  second-stage t h r u s t  l e v e l  i s  not  given by t h e  
theory.  To i n v e s t i g a t e  t h i s  s e n s i t i v i t y ,  and, i n c i d e n t a l l y ,  t o  a s ses s  the  
v a l i d i t y  of equat ion (15) and t h e  underlying assumption, t h e  numerical pro­
cedure is  appli-ed t o  ob ta in  t h e  v a r i a t i o n  of performance of two-stage propul­
s i o n  systems with t h e  r a t i o  T2/T1.  A combination of an i n i t i a l  mass and a 
f i r s t - s t a g e  t h r u s t  l e v e l  is s e l e c t e d  t o  g ive  an i n i t i a l  a c c e l e r a t i o n  found 
e a r l i e r  t o  y i e l d  e s s e n t i a l l y  maximum payload f r a c t i o n s  f o r  a s i n g l e  s tage over  
a range of hyperbol ic  excess speeds.  The t h r u s t  l e v e l  of t he  second s t a g e  is  
then va r i ed  i n  t h e  s imula t ion  o f  depar ture  from an Earth parking o r b i t .  
Resul ts  a r e  presented  i n  f i g u r e  10 f o r  similar chemical and nuc lea r  s t ages  
and f o r  combinations o f  chemical and nuc lear  systems. I t  i s  apparent  t h a t  
when i t  is advantageous to use two s t a g e s  r a t h e r  than one, t h e  t h r u s t  l e v e l  of 
t h e  second s t a g e  i s  gene ra l ly  not c r i t i c a l  from the  s tandpoin t  of performance 
as long as i t  is  a t  l e a s t  about one-tenth t h a t  of t h e  near ly  optimum f i r s t  
s t a g e .  This i n s e n s i t i v i t y  i s  p o t e n t i a l l y  advantageous i n  t h a t  a rocke t  engine 
s u i t a b l e  f o r  a s i n g l e - s t a g e  space propuls ion system could be used i n  both 
s t ages  of a two-stage space propuls ion system with l i t t l e  o r  no degradat ion 
i n  t h e  performance a t t a i n a b l e  with optimum engine s i z i n g .  
In  view of t h e  f l a t n e s s  of t h e  curves i n  f i g u r e s  lO(a) and (b ) ,  compari­
son of t he  t h e o r e t i c a l  p r e d i c t i o n s  of (T2/T1) with t h e  numerical r e s u l t s  
op t
i s  somewhat academic. The t r end  of t h e  a n a l y t i c  p r e d i c t i o n s ,  however, is  borne 
out  by the  computer-obtained r e s u l t s ,  namely a decrease i n  t h e  optimum second-
s t a g e  t h r u s t  l e v e l  with inc reas ing  V,. 
E f f ec t s  of  us ing  nonoptimum f i r s t - s t a g e  a c c e l e r a t i o n . - Since it i s  not  
economically p r a c t i c a l - t o  des ign ,  develop, and-produce a wide v a r i e t y  of 
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rocke t  engines having t h r u s t  l e v e l s  i d e a l l y  s u i t e d  t o  each of many in t e rp l ane ­
t a r y  missions,  t h e  use  o f  a given engine e i t h e r  s i n g l y  o r  i n  c l u s t e r e d  arrange­
ments f o r  a number of  missions w i l l  r e s u l t  i n  nonoptimum i n i t i a l  acce le ra t ions  
i n  both s ing le - s t age  and mul t ip l e - s t age  a p p l i c a t i o n s .  Figures  3 and 6 i n d i c a t e  
t h a t  a given i n i t i a l  mass i n  Earth o r b i t  could be matched without apprec iab le  
l o s s  i n  performance with s ing le - s t age  propuls ion  systems with t h r u s t  l e v e l s  
ranging from about 0 .3  t o  0 . 8  of t h e  i n i t i a l  mass f o r  chemical s t a g e s ,  and 
from about 0 .25  t o  0 .50  of t h e  i n i t i a l  mass f o r  nuc lea r  s t a g e s .  From another  
viewpoint,  it i s  c l e a r  t h a t  a s i n g l e  s t a g e  of  given t h r u s t  l e v e l  could be 
used with i n i t i a l  masses from about 1 .5  t o  4 . 0  t imes the  t h r u s t  l e v e l  of chemi­
cal engines o r  from approximately 4 . 0  t o  6 .0  t imes t h e  t h r u s t  l e v e l  of nuc lear  
engines without s i g n i f i c a n t  l o s s  i n  performance. (Engine ope ra t ing  t ime 
l i m i t a t i o n s  may p r o h i b i t  us ing  c e r t a i n  otherwise acceptab le  low i n i t i a l  acce l ­
e r a t i o n s . )  In  t h e  d iscuss ion  of two-stage space propuls ion  systems i n  the  
previous s e c t i o n ,  it was found t h a t  f o r  a given i n i t i a l  spacec ra f t  mass and a 
f i r s t - s t a g e  t h r u s t  l e v e l  which gave e s s e n t i a l l y  optimum f i r s t - s t a g e  i n i t i a l  
acce le ra t ion ,  t h e  t h r u s t  l e v e l  of  t h e  second s t a g e  could be va r i ed  over nea r ly  
an o rde r  of  magnitude without  apprec iab le  change i n  the  o v e r a l l  payload 
f r a c t i o n  obta ined .  
Although t h e  foregoing remarks  tend t o  j u s t i f y  developing r e l a t i v e l y  few 
space propuls ion engines  of  d i f f e r e n t  t h r u s t  l e v e l s ,  i t  remains t o  complete 
the  ana lys i s  by a s ses s ing  t h e  e f f e c t s  on two-stage performance of  using o f f -
optimum f i r s t - s t a g e  i n i t i a l  a c c e l e r a t i o n s .  Accordingly, add i t iona l  d a t a  s i m ­
i l a r  t o  those presented  i n  f i g u r e  10  were obta ined  with the  same f i r s t - s t a g e  
t h r u s t  l e v e l s  bu t  with d i f f e r e n t  i n i t i a l  masses. Examples of  r e s u l t s  ob ta ined  
by varying i n i t i a l  a c c e l e r a t i o n s  as much as a f a c t o r  of 8 are shown i n  
f i g u r e  11. 
In the  case of two s t ages  of  chemical propuls ion  ( f i g ,  l l ( a ) ) ,  t h e  
optimum f i r s t - s t a g e  i n i t i a l  a c c e l e r a t i o n  may be taken as 0 . 4  g .  The v a r i a t i o n  
of performance with second-stage t h r u s t  tends t o  inc rease  somewhat as t h e  
f i r s t - s t a g e  a c c e l e r a t i o n  depa r t s  from the  optimum value .  This l a r g e r  v a r i a ­
t i o n  is  due t o  the  f a c t  t h a t  with off-optimum f i r s t - s t a g e  performance t h e  
o v e r a l l  performance can be a f f ec t ed  more by second-stage c h a r a c t e r i s t i c s  such 
as t h r u s t  l e v e l .  Even s o ,  t h e  range of second-stage t h r u s t  l e v e l s  which could 
be used without s e r i o u s  pena l ty  i n  o v e r a l l  performance i s  l a rge  even i n  the  
extreme cases  shown f o r  off-optimum f i r s t - s t a g e  a c c e l e r a t i o n .  I f  the  t h r u s t  
l e v e l  of t h e  second s t a g e  is  s e l e c t e d  near  i t s  optimum value ,  t he  l o s s  i n  
ove ra l l  performance due t o  off-optimum f i r s t - s t a g e  i n i t i a l  acce le ra t ion  i s  
p ropor t iona te ly  l e s s  than t h a t  correspondingly incur red  i n  t h e  case of a 
s i n g l e  s t a g e  ( represented  by i n t e r c e p t s  on t h e  v e r t i c a l  ax i s  T2/T1 = 0 ) .  
In  the  case of nuc lear  propuls ion ,  a s tudy of f i g u r e  l l ( b )  leads  t o  
e s s e n t i a l l y  t h e  same conclusions as those i n  the  preceding paragraph.  One 
.. . . 
2These f i g u r e s  a r e  r e p r e s e n t a t i v e  f o r  only i n i t i a l  masses and t h r u s t  
l e v e l s  as l a r g e  as those  considered he re .  For sma l l e r  va lues ,  t h e  ranges 
c i t e d  would be reduced. 
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d i f f e rence  can be noted,  however. A t  hyperbol ic  excess v e l o c i t i e s  as l a r g e  
as 0.5 emos, t h e  d a t a  i n d i c a t e  t h a t  t h e  o v e r a l l  performance of  two s t ages  may 
remain unchanged o r  s l i g h t l y  improved i f  t h e  i n i t i a l  acce le ra t ion  of  t h e  
f irst  s t a g e  i s  reduced t o  about one-half  t h a t  found t o  g ive  maximum pe r fo r ­
mance of a s i n g l e  s t a g e .  The d i f f e rence  between the  e f f e c t  of i n i t i a l  acce l ­
e r a t i o n  on chemical and nuc lea r  two-stage performance when the  f i r s t - s t a g e  
t h r u s t  l e v e l  is  f ixed  is  one of  degree only; it is  c h i e f l y  due t o  t h e  l a r g e r  
f i x e d  i n e r t  masses ( p a r t i c u l a r l y  t h a t  o f  the  engine) o f  t h e  nuc lear  s t a g e s ,  
A s  t h e  i n i t i a l  mass is  increased  t o  produce a sma l l e r  i n i t i a l  acce le ra t ion ,  
the  i n e r t  f r a c t i o n s  o f  both nuc lea r  s t ages  decrease more i n  propor t ion  than do 
those of  t h e  chemical s t a g e s ;  hence, t h e  payload f r a c t i o n  of t h e  former has a 
more pronounced tendency t o  inc rease  d e s p i t e  t he  incurrence of  l a r g e r  g r a v i t y  
lo s ses .  Advantages of  using such a low acce le ra t ion ,  however, could be pro­
h i b i t e d  i f  l i m i t a t i o n s  on s ing le -use  opera t ing  times were requi red  i n  p r a c t i c e  
a s  d i scussed  e a r l i e r .  Figure 12  d i sp lays  maximum-performance t h r u s t i n g  t imes 
of each s t a g e  as  a func t ion  o f  f i r s t - s t a g e  i n i t i a l  a c c e l e r a t i o n  and of  a 
second-stage t h r u s t  f o r  a hyperbol ic  excess speed of  0.55 emos (16.5 km/sec). 
For an i n i t i a l  a c c e l e r a t i o n  as small as 0 . 1  of  an Earth g,  t he  f i r s t - s t a g e  
nuc lear  engine wou1.d have t o  opera te  more than about 30 percent  longer  than 
an assumed 3600-sec c a p a b i l i t y .  A t  a i  = 0.15 g ,  a s i n g l e  s t a g e  would t h r u s t  
about 4500 sec ;  with t h e  add i t ion  of a second s t a g e  having opt imal ly  h a l f  t h e  
t h r u s t  of t h e  f i r s t  s t a g e ,  t h e  f i r s t  s t a g e  would r equ i r e  only about 3000 s e c  
and the  second nea r ly  2000 s e c .  Figure 1 2  a l s o  i n d i c a t e s  i n  t h i s  case t h a t  
although reducing the  second-stage t h r u s t  from 0 . 5  t o ,  say ,  0 , 2  t h a t  of t h e  
f i r s t  s t a g e  diminishes t h e  o v e r a l l  performance by only 1 o r  2 percent  ( c f .  
f i g .  11(b)) , t h e  ope ra t ing  t ime of  t he  second-stage engine correspondingly 
inc reases  t o  beyond an assumed 3600-sec l i m i t .  I t  may be concluded t h a t ,  
under assumptions made he re ,  t h e  f irst  s t a g e  of  a two-stage nuc lea r  space pro­
puls ion  system designed f o r  high-energy Earth-escape maneuvers should have 
an i n i t i a l  a c c e l e r a t i o n  i n  t h e  neighborhood of  t h a t  found optimum f o r  a s i n g l e  
s t age  f o r  s imi la r  purposes ,  and t h e  second-stage t h r u s t  l e v e l  should be from 
one-half  t o  t h e  same as t h a t  of  t he  first s t age .  
In  gene ra l ,  r e s u l t s  o f  t h i s  s ec t ion  i n d i c a t e  t h a t  t he  e f f e c t  of using 
nonoptimum t h r u s t  l e v e l s  of f i r s t - s t a g e  u n i t s  of  two-stage systems is  not  so  
l a r g e  from t h e  s tandpoin t  of  performance as i t  i s  f o r  s ing le - s t age  space 
propuls ion systems. 
COMPARISON OF RESULTS OF THEORETICAL AND NUMERICAL 
METHODS OF PROPULSION STAGING 
I n  o rde r  t o  make meaningful comparisons among t h e  p red ic t ions  of  t h e  
t h e o r e t i c a l  analyses  and o f  t h e  numerical method, c e r t a i n  ground r u l e s  a r e  
observed he re ,  One such r u l e  i s  t h a t  t h e  magnitude of t h e  t o t a l  v e l o c i t y  
increment AV r equ i r ed  f o r  a given hyperbol ic  excess speed i n  t h e  t h e o r e t i c a l  
formulas is t o  be t h a t  ca l cu la t ed  by the  numerical method f o r  a s i n g l e  s t a g e  
having a near-optimal i n i t i a l  acce le ra t ion .  In  t h i s  way, g r a v i t y  lo s ses  w i l l  
be taken i n t o  account i n  both methods, and comparison between the  performances 
of s i n g l e  and mul t ip l e  s t ages  w i l l  be meaningful. Another r u l e  i s  t h a t  i n e r t  
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masses such as those  of  t h e  engines and p rope l l an t  modules s h a l l  be ca l cu la t ed  
i n  e s s e n t i a l l y  t h e  same way i n  both approaches.  For example, i n  us ing  equa­
t i o n s  (5) and ( 6 ) ,  t h e  va lue  of t h e  constant  i n e r t  f r a c t i o n  cr i s  ca l cu la t ed  
by d iv id ing  t h e  sum of  MS (eq. (7) )  and the  mass of  t h e  engine (appendix A, 
o r  f i g .  2)  by t h e  mass of t h e  p rope l l an t  M p .  The l a t t e r  is  c a l c u l a t e d  from 
M~ = M .1(1 - eAV’nc) 
where Mi i s  t h e  i n i t i a l  g ross  mass of t h e  s p a c e c r a f t  and n is t h e  number 
of s t a g e s .  In  t h e  use of  equat ion ( l o ) ,  t he  va lue  of CJ i s  taken t o  be t h e  
s lope  of  t he  s t r a i g h t  l i n e  t h a t  b e s t  f i t s  the  appropr i a t e  curve of MS versus  
Mp i n  f i g u r e  1. The s c a l i n g  law f o r  p rope l l an t  modules shown i n  f i g u r e  1 
can be c lose ly  approximated over a r a t h e r  wide range of M p  by 
MS = oMp -I. MSo 
The f i x e d  mass M F  o f  each s t a g e  i s  computed as the  sum of 

of t h e  s t a g e  engine.  For t h e  p re sen t  comparison, o t h e r  i n e r t  masses such as 

and t h e  mass 
M S O  
those of i n t e r s t a g i n g  s t r u c t u r e s ,  meteoroid and thermal p r o t e c t i o n  of tanks ,  
and payload adapters  a r e  not included.  In  subsequent examples of t h e  appl ica­
t i o n  of s t ag ing  t o  i n t e r p l a n e t a r y  missions,  t hese  o t h e r  i n e r t s  are taken i n t o  
account.  A simple computer program was w r i t t e n  t o  so lve  equat ion (14) and t o  
use the  appropr ia te  roo t  f o r  c a l c u l a t i n g  AV, ,  A V 2 ,  A V 3 ,  R 1 ,  R 2 >  R 3 ,  and R ( 3 )  
i n  t h e  case of t h r e e  similar s t a g e s .  The s o l u t i o n  of equat ion (9) and ca lcu­
l a t i o n s  f o r  R 1 ,  R 2 ,  and R ( 2 )  f o r  two similar s t ages  were a l s o  included as 
opt ions .  
S imi la r  Propuls ion Stages 
Figure 13 shows t h e  performance of s i n g l e - and mul t ip l e - s t age  propuls ion  
systems over a range of hyperbol ic  excess speeds.  An i n i t i a l  parking o r b i t  
( a l t i t u d e  = 485 km) about Earth i s  assumed. Two types of propuls ion  systems 
a r e  considered,  chemical s t ages  using l i q u i d  hydrogen/ l iquid oxygen with an 
of 450 sec ,  and so l id -co re  nuc lear  s t ages  with an ISP of 820 s e c .I SP 

Chemical s t a g e s . - Figure 13(a)  shows the  p r e d i c t i o n s  of t he  t h e o r e t i c a l  
method based on t h e  nonl inear  i n e r t  s c a l i n g  l a w  t o  be i n  e x c e l l e n t  agreement 
with those of t he  numer ica l - in tegra t ion  method i n  t h e  case of two chemical 
s t ages .  As a n t i c i p a t e d  e a r l i e r ,  t h e  method der ived  from t h e  assumption t h a t  
t h e  i n e r t  f r a c t i o n  i s  cons tan t  and t h e  same f o r  a l l  s t ages  tends t o  over­
es t imate  t h e  performance advantage of two s t ages  over  a s i n g l e  s t a g e .  From 
the  comparisons shown f o r  two- and th ree - s t age  performance, t h e  add i t ion  of  a 
t h i r d  s t a g e  of propuls ion f o r  Earth depar ture  does not  appear t o  be warranted.  
Nuclear s t a g e s . - Because of t he  l a r g e r  i n e r t  mass ( p a r t i c u l a r l y  t h a t  of  
t he  engine) of nuc lear  s t a g e s ,  p red ic t ions  of t h e  theory  based on a cons tan t  
i n e r t  f r a c t i o n  are shown i n  f i g u r e  13(b) t o  exaggerate  t h e  performance advan­
tages  of two nuc lea r  s t ages  over  a s i n g l e  s t a g e  much more than i n  t h e  previous 
example of  chemical s t a g i n g .  Theore t ica l  r e s u l t s  based upon more r e a l i s t i c  
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i n e r t  s c a l i n g  laws again agree w e l l  with t h e  numerical c a l c u l a t i o n s .  A s  i n  
the  case of  chemical space propuls ion  systems, a t h i r d  s t a g e  does not  appear 
t o  be warranted he re .  According t o  t h e o r e t i c a l  r e s u l t s  (not shown h e r e ) ,  i f  
t he  same s i z e d  nuc lea r  engine ( t h r u s t  l e v e l  i n  t h e  neighborhood of 100,000 l b f )  
were used i n  each of t h e  t h r e e  s t a g e s ,  t h e  performance would be poorer  than  
t h a t  of  two s t ages  having i d e n t i c a l  engines .  
From the  foregoing comparisons, t he  t h e o r e t i c a l  method which was der ived  
on the  b a s i s  of a non l inea r  s c a l i n g  law f o r  t h e  i n e r t  f r a c t i o n  may appear t o  
be a convenient and adequately accu ra t e  means o f  a s ses s ing  performance of two-
o r  th ree-s tage  space propuls ion  systems. However, it w i l l  be r e c a l l e d  t h a t  
t he  t h e o r e t i c a l  r e s u l t s  were based on t h e  assumption t h a t  t h e  t o t a l  v e l o c i t y  
increment requi red  was t h a t  ca l cu la t ed  by i n t e g r a t i o n  of t he  equat ions of 
motion f o r  a s i n g l e  s t a g e  having t h e  same i n i t i a l  acce le ra t ion  as the  f i r s t  
s t a g e  of a two-stage system. A s  a ma t t e r  o f  f a c t ,  examination of t h e  output  
of t he  computer program shows t h a t  t h e  sum of AVl and AV2 i s  wi th in  about 
1 percent  of t h e  AV f o r  a s i n g l e  s t a g e  (g rav i ty  lo s ses  included i n  a l l  
s t a g e s ) .  The ques t ion  arises whether t h e  use of t he  r e a d i l y  computed s i n g l e -
s t a g e  impulsive v e l o c i t y  increment could be s u b s t i t u t e d  f o r  t he  t o t a l  AV i n  
the  t h e o r e t i c a l  method without  s i g n i f i c a n t  change i n  r e s u l t s .  Figure 1 4  shows 
the  e f f e c t s  of neg lec t ing  g r a v i t y  lo s ses  i n  t h e  t h e o r e t i c a l  c a l c u l a t i o n s  f o r  
performance of t h e  two-stage systems j u s t  d i scussed .  In  t h e  case of two 
chemical s t a g e s ,  f i g u r e  1 4  (a) i nd ica t e s  t h a t  d i f f e rences  i n  p red ic t ed  pe r fo r ­
mance range from about 10 percent  a t  V, = 0 . 4  t o  25 percent  a t  V, = 0 . 6  emos 
(18 km/sec). For two nuclear  s t a g e s  ( f i g .  1 4 ( b ) ) ,  corresponding d iscrepancies  
a r e  about 25 and 100 pe rcen t .  The r e l a t i v e l y  l a r g e r  e r r o r s  noted f o r  nuc lear  
s t ages  a r e  a s soc ia t ed  with t h e  considerably g r e a t e r  g r a v i t y  lo s ses  (10 t o  
1 2  percent  of impulsive AV) which i n  the  examples a r e  about t h r e e  t imes as 
l a r g e  as those  of t h e  chemical s t ages  f o r  corresponding V,. 
The foregoing ana lys i s  leads  t o  the  conclusion t h a t  f o r  app l i ca t ions  such 
as  Earth escape, f a i l u r e  t o  take  g r a v i t y  lo s ses  i n t o  account i n  a s ses s ing  
performance of two-stage space propuls ion systems r e s u l t s  i n  unacceptably 
o p t i m i s t i c  expec ta t ions .  I t  fol lows t h a t  some such approach as  the  numerical 
method adopted he re  is requi red  t o  provide a t  l e a s t  t he  proper  t o t a l  AV 
requirements and appropr i a t e  engine s i z e s  i n  o rde r  t o  obta in  meaningful 
r e s u l t s  with the  a n a l y t i c  expressions der ived  i n  t h i s  r e p o r t .  A l s o ,  s i n c e  no 
closed form was obtained f o r  s t ag ing  two d i s s i m i l a r  propuls ion  systems,  an 
algori thm would need t o  be devised and probably be programmed f o r  a computer 
i n  order  t o  analyze t h e  e f f e c t i v e n e s s  of  s t ag ing  i n  a number of a p p l i c a t i o n s .  
The present  computer program based upon numerical i n t e g r a t i o n  o f  t h e  equat ions 
of motion so lves  t h e  genera l  s t a g i n g  problem and provides  a convenient method 
f o r  eva lua t ing  t h e  advantages o r  disadvantages of using two s i m i l a r  o r  d i s ­
s imilar  s t ages  r a t h e r  than a s i n g l e  s t a g e  of propuls ion  i n  d ive r se  s i t u a t i o n s  
t y p i c a l  o f  i n t e r p l a n e t a r y  miss ions .  
In  view of t he  foregoing,  s t ag ing  and s t ag ing  app l i ca t ions  will be 
s tud ied  f u r t h e r  on t h e  b a s i s  of d a t a  obtained with the  computer program 
descr ibed e a r l i e r .  
A l l  t h e  d a t a  presented  thus  far have been obtained with depar ture  from an 
Earth parking o r b i t  as a frame of  r e fe rence .  Resul t s  and conclusions der ived  
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from p r e s e n t a t i o n  o f  such d a t a  would not  be m a t e r i a l l y  d i f f e r e n t  should another  
p l a n e t  be used as a b a s i s  f o r  c a l c u l a t i o n s .  The ch ie f  d i f f e r e n c e  noted would 
be changes i n  t h e  performance curves of  payload f r a c t i o n  versus  hyperbol ic  
excess speed V,. The shape of t hese  curves would d i f f e r  because the  per for ­
mance of given propuls ion  systems i n  a t t a i n i n g  the  energy a s soc ia t ed  with V, 
depends upon both t h e  impulsive v e l o c i t y  increment and the  magnitude of  t h e  
g r a v i t y  l o s s ,  and both of  t hese  vary from one p l a n e t  t o  another ,  For  example, 
f o r  t h e  small p l a n e t  Mercury, t h e  impulsive v e l o c i t y  increments a r e  sma l l e r  
than those  a t  Earth f o r  V, less than  about 0 .23 emos, bu t  become inc reas ­
ing ly  l a r g e r  beyond t h i s  va lue .  Likewise, t h e  g r a v i t y  lo s ses  incu r red  i n  
escaping Mercury with optimum i n i t i a l  a c c e l e r a t i o n s  are comparable with,  o r  i n  
some cases  l a r g e r  than ,  those  incu r red  i n  escaping Earth t o  the  same V,. I n  
view of t he  d i s p a r i t i e s  i n  mass and r ad ius  o f  t h e  two p lane t s  (mass and r ad ius  
of Mercury a r e  about 0.054 and 0.38 t h a t  of Ear th ,  r e s p e c t i v e l y ) ,  t h i s  l a t t e r  
f a c t  may appear paradoxica l .  However, an a n a l y s i s  of  t h e  t r a j e c t o r i e s  f o l ­
lowed i n  depar t ing  both p l a n e t s  and of t h e  optimum i n i t i a l  a c c e l e r a t i o n s  lends 
credence t o  t h e  observa t ion .  I t  i s  found t h a t  f o r  t h e  same abso lu te  i n i t i a l  
a c c e l e r a t i o n  and same impulsive v e l o c i t y  increment,  t h e  f l i g h t  pa th  i s  s t e e p e r  
and the  r a d i a l  d i s t a n c e  ( i n  p l ane ta ry  r a d i i )  is g r e a t e r  f o r  depa r tu re  from a 
parking o r b i t  about Mercury than about Ea r th .  This means t h a t  t h e  o v e r a l l  
p rope l l an t  load rece ives  a l a r g e r  gain i n  Mercurial  g r a v i t a t i o n  p o t e n t i a l  than 
it does i n  t h e  t e r r e s t r i a l  p o t e n t i a l .  The work done i n  changing t h e  p o t e n t i a l  
l e v e l  of t h e  unused p o r t i o n  of t he  usab le  p r o p e l l a n t ,  of  course,  c o n s t i t u t e s  
a "gravi ty  l o s s , "  expressed as an equiva len t  v e l o c i t y  increment add i t iona l  t o  
the  impulsive v e l o c i t y  increment.  Hence, although t h e  s t r e n g t h  of t h e  g r a v i t a ­
t i o n a l  f i e l d  of  Mercury i s  only about 0.376 t h a t  of  Ear th ,  t h e  g r a v i t y  lo s ses  
under s imilar  condi t ions  a t  t h e  two p l a n e t s  tend t o  become more a l i k e .  Tn t h e  
case of chemical propuls ion ,  ana lys i s  shows t h a t  maximum performance i s  
obtained with e s s e n t i a l l y  t h e  same abso lu te  i n i t i a l  a c c e l e r a t i o n  (0.4 Ear th  g,  
o r  1.064 Mercury g )  f o r  V, t o  about 0 .4 .  Gravi ty  lo s ses  a r e  found t o  be 
gene ra l ly  l a r g e r  by as much as 15 percent  f o r  Mercury than f o r  Earth f o r  cor­
responding V,. A t  a hyperbol ic  excess speed o f  0.5 emos, t h e  optimum i n i ­
t i a l  a c c e l e r a t i o n  has decreased t o  0.15 Earth g and t h e  maximum payload 
f r a c t i o n  has decreased t o  zero i n  t h e  case of escape from Mercury, A t  t h i s  
V,, the  impulsive A V  and g r a v i t y  lo s s  are nea r ly  17 and 200 percent  l a r g e r ,  
r e spec t ive ly ,  f o r  Mercury than f o r  Ear th ,  r e s u l t i n g  i n  a t o t a l  v e l o c i t y  inc re ­
ment 20 percent  o r  2 .256  km/sec g r e a t e r .  In  t h e  case of nuc lear  propuls ion ,  
t he  optimum i n i t i a l  a c c e l e r a t i o n  f o r  escape from Mercury t o  a given V, i s  
about one-half  t h a t  correspondingly found f o r  Ear th ;  g r a v i t y  lo s ses  would 
gene ra l ly  be about t h e  same a t  Mercury as a t  Ear th  under these  cond i t ions .  
However, such low a c c e l e r a t i o n s  could not  be used f o r  V, much l a r g e r  than  
0 . 2  emos without r equ i r ing  engine opera t ing  t imes longer  than 3600 sec ;  con­
sequent ly ,  some s a c r i f i c e  i n  performance would be r equ i r ed  i n  such in s t ances .  
In  the  fol lowing examples of t h e  use of  two s t a g e s  of space propuls ion,  
r a t h e r  than one, i n  missions t o  o the r  p l a n e t s ,  e f f e c t s  of  p l ane t  mass and s i z e  
on energy requirements are au tomat ica l ly  taken i n t o  account i n  t h e  computer 
program based upon numerical i n t e g r a t i o n  of t h e  equat ions of motion. 
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OTHER STAGING CHARACTERISTICS 
Before p re sen t ing  r e s u l t s  of  applying two-stage propuls ion  systems t o  
spec: i f i c  missions,  two o the r  c h a r a c t e r i s t i c s  of s t ag ing  are examined h e r e .  
For one, t he  e f f e c t  of varying t h e  i n e r t  masses of t h e  s t ages  i s  assessed .  
The o the r  is t h e  comparison of  performances of two d i s s i m i l a r  s t ages  ( e .g . ,  
nucl e a r  and chemical) wi th  those  of similar s t a g e s .  
E f f e c t s  of I n e r t  Mass 
Although masses of chemical and nuc lear  engines may be considered t o  be  
known o r  p r e d i c t a b l e  wi th in  l i m i t s  s u f f i c i e n t l y  accura te  f o r  pre l iminary  m i s ­
s ion  a n a l y s i s ,  es t imates  of t h e  masses of p rope l l an t  modules (propel lan t  tanks  
and a s soc ia t ed  equipment and s t r u c t u r e s )  are s u b j e c t  t o  more unce r t a in ty  a t  
p r e s e n t .  The nominal va lue  of  t h e  constant  A c i t e d  i n  appendix A f o r  t h e  
empir ica l ly  der ived s c a l i n g  l a w  f o r  p rope l l an t  modules i s  about one-half  t h a t  
found t o  be r e p r e s e n t a t i v e  of a number of launch-vehicle  s t ages  on which t h e  
l a w  was based ( c f .  r e f .  1 ) .  These s t a g e s ,  however, included masses of thermal 
i n s u l a t i o n  and of meteoroid s h i e l d i n g  which a r e  accounted f o r  s e p a r a t e l y  i n  
t h e  i n e r t  s c a l i n g  laws adopted he re  f o r  space propuls ion systems, Also,  t h e  
use of cu r ren t  ma te r i a l s  and s t r u c t u r a l  technologies  i n  the  design and f a b r i ­
ca t ion  of f u t u r e  space propuls ion  s t ages  should l o g i c a l l y  r e s u l t  i n  s t a g e  i n e r t  
f r a c t i o n s  lower than those  of s t ages  designed some years  ago f o r  launch vehi­
c l e s .  Prel iminary c a l c u l a t i o n s  i n d i c a t e  t h a t  a value of 0.10 f o r  t he  cons tan t  
A should not  be unduly o p t i m i s t i c  f o r  f u t u r e  p rope l l an t  modules incorpora t ing  
tanks with common bulkheads f o r  conta in ing  l i q u i d  oxygen and l i q u i d  hydrogen, 
o r  modules containing l i q u i d  hydrogen only.  In  view of t h e  demonstrated 
dependence of s t ag ing  e f f e c t i v e n e s s  on t h e  i n e r t  s c a l i n g  law employed i n  t h e  
t h e o r e t i c a l  approaches, it is  p e r t i n e n t  t o  examine t h e  e f f e c t  of varying t h e  
i n e r t  f r a c t i o n  o f  t h e  p rope l l an t  module i n  t h e  numerical s imula t ion  of s t a g i n g .  
Figure 15 shows t h e  e f f e c t  o f  doubling t h e  constant  A i n  t he  formula f o r  
c a l c u l a t i n g  t h e  mass of t h e  p rope l l an t  module. The only o the r  i n e r t  mass 
included in  t h i s  comparison i s  t h a t  of t he  engine.  One conclusion from 
f i g u r e  15 is t h a t  although increas ing  the  i n e r t  mass decreases  t h e  payload 
capac i ty  of both s i n g l e - s t a g e  and two-stage propuls ion systems t h e  pe r fo r ­
mance o f  the  two-stage system is r e l a t i v e l y  l e s s  a f f e c t e d  than t h a t  of  t h e  
s i n g l e  s t a g e .  A s  a r e s u l t ,  advantages of s t ag ing  become s i g n i f i c a n t  a t  lower 
energy requirements and a r e  a l s o  r e l a t i v e l y  l a r g e r  a t  a given V, as i n e r t  
f r a c t i o n s  inc rease .  Another noteworthy observat ion i s  t h a t  t h e  d a t a  i n d i c a t e  
t h a t  reducing the  s t r u c t u r a l  mass of t he  p rope l l an t  module s i g n i f i c a n t l y  can 
y i e l d  gains  i n  performance comparable with those  obta ined  by adding a second 
s t a g e .  This is  p a r t i c u l a r l y  t r u e  f o r  t h e  nuc lear  system shown i n  f i g u r e  15(b) .  
Performance of Dissimilar Stages 
Although d a t a  f o r  combinations of chemical and nuc lea r  s t a g e s  were cal­
cula ted  and presented  e a r l i e r  ( f i g s .  lO(c) ,  10 (d ) ) ,  t h e  purpose t h e r e  was t o  
assess  t h e  e f f e c t  o f  t h e  magnitude of  t h e  second-stage t h r u s t  on performance. 
Yere t h e  o b j e c t i v e  i s  t o  compare t h e  performance of  two-stage propuls ion  
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systems cons i s t ing  of a nuc lear  f i r s t  s t a g e  and a chemical second s t a g e  (N/C), 
of a chemical f i r s t  s t a g e  and a nuc lear  second s t a g e  (C/N), o f  two chemical 
s t ages  (C/C), and of  two nuclear  s t ages  (N/N) . Figure 16 shows performance 
curves f o r  such space propuls ion systems as app l i ed  t o  escape from an Earth 
parking o r b i t  ( a l t i t u d e  = 485 km) t o  var ious  hyperbol ic  excess speeds.  
Included f o r  r e fe rence  are t h e  performances of s i n g l e - s t a g e  nuc lea r  (N) and 
chemical (C) systems. 
From a s tudy of f i g u r e  16, it is  c l e a r  t h a t  i T  both chemical and nuc lear  
propuls ion systems were a v a i l a b l e ,  t h e  chemical system should be used as t h e  
second, r a t h e r  than  t h e  f i rs t ,  s t a g e  of a two-stage space propuls ion  system 
f o r  i n j e c t i n g  paylods i n t o  high-energy h e l i o c e n t r i c  t r a j e c t o r i e s  from an 
Earth parking o r b i t .  The nuclear/chemical combination y i e l d s  h ighe r  pe r fo r ­
mance than t h e  combination of two nuclear  s t ages  only a t  such l a r g e  v e l o c i t y  
requirements t h a t  t h e  payload is  a t  b e s t  a few percent  of t he  i n i t i a l  mass i n  
Earth o r b i t .  This s i t u a t i o n  i s  analogous t o  t h e  demarcation i n  performance 
t h a t  can be de l inea ted  f o r  chemical and nuc lear  s i n g l e  s t ages  i n  terms of AV 
and of e i t h e r  i n i t i a l  mass i n  Earth o r b i t  o r  payload. Figure 1 7  shows curves 
of equal performance f o r  chemical and nuc lea r  space propuls ion  systems s i m i l a r  
t o  those considered as component s t ages  he re .  In  t h e  case of t h e  s u b j e c t  
two-stage veh ic l e s  with an i n i t i a l  mass of 226,800 kg, a t  s u f f i c i e n t l y  l a r g e  
V, t he  mass remaining a f t e r  s epa ra t ion  of t he  nuc lea r  f i rs t  s t a g e  w i l l  be 
l e s s  than some such in i t i a l -mass  boundary va lue ,  with t h e  r e s u l t  t h a t  a chem­
i c a l  system with i t s  r e l a t i v e l y  low i n e r t  masses w i l l  perform b e t t e r  as  a 
second s t a g e  than t h e  heavier  nuc lear  system d e s p i t e  t h e  advantage of t h e  
h igher  Isp of t h e  l a t t e r .  The same l i n e  of reasoning can be followed i n  
terms of a payload boundary curve and the  second-stage performance. Likewise, 
t hese  same f a c t o r s  he lp  t o  expla in  why t h e  performance of two chemical s t ages  
becomes equal t o  o r  b e t t e r  than  t h a t  of two nuc lea r  s t ages  as the  payload 
f r a c t i o n  tends toward zero,  as noted i n  f i g u r e  16. 
From t h e  comparisons between the  performances of two-stage and s i n g l e -
s t a g e  space propuls ion  systems here  i n  f i g u r e  16 and e a r l i e r  i n  f i g u r e  13, 
one noteworthy genera l  observa t ion  can be made: advantages i n  performance 
r e s u l t i n g  from t h e  use of two s t a g e s  r a t h e r  than one s t a g e  of propuls ion  
become s i g n i f i c a n t  only a t  such l a rge  energy requirements t h a t  t h e  payload 
f r a c t i o n s  a r e  usua l ly  no l a r g e r  than about 0 . 1 0 .  
APPLICATIONS OF STAGING I N  HIGH-ENERGY MISSIONS 
The use of two tandem s t ages  t o  achieve t h e  l a r g e  v e l o c i t y  changes 
inherent  i n  s e v e r a l  high-energy so la r - exp lo ra t ion  missions i s  examined i n  
t h e  fol lowing s e c t i o n s .  A r b i t r a r i l y  ru l ed  out  f o r  cons idera t ion  he re  a r e  
t r a j e c t o r i e s  which u t i l i z e  t h e  g r a v i t a t i o n a l  f i e l d  of J u p i t e r  o r  of o t h e r  
p l ane t s  t o  reduce AV requirements.  
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S o l a r  Probe t o  0.05 AU 
Hyperbolic excess speeds r equ i r ed  t o  i n j e c t  a payload i n t o  h e l i o c e n t r i c  
o r b i t s  having an aphel ion d i s t a n c e  equal  t o  the  d i s t ance  of  t he  Earth from 
the  Sun a t  t h e  t i m e  of launch and var ious  p e r i h e l i o n  d i s t ances  are shown i n  
f i g u r e  18 f o r  a summer launch d a t e  ( Ju ly  7 ,  when Earth is a t  aphel ion and 
v e l o c i t y  requirements f o r  s o l a r  probes a r e  l e a s t ) .  For a p e r i h e l i o n  d i s t a n c e  
of 0.05 AU, t he  probe must have a r e s i d u a l  v e l o c i t y  of 0.68 emos 
(20.254 km/sec) a f t e r  escaping from Earth.  
Figure 19 shows the  payload c a p a b i l i t i e s  of an Earth-departure  propuls ion  
system cons i s t ing  of  a nuc lear  f irst  s t a g e  and a chemical second s t a g e .  Data 
f o r  i n i t i a l  masses i n  Ear th  o r b i t  of 45,360 kg (100,000 lbm), 113,400 kg 
(250,000 l b ) ,  and 181,440 kg (400,000 l b )  a r e  shown. I n t e r s t a g i n g  masses f o r  
connecting t h e  two propuls ion  s t a g e s  (diameters assumed t o  be 10 m), as w e l l  
as f o r  connecting the  payload (diameter of 1 .5  m) t o  the  second s t a g e  a r e  
included i n  the  c a l c u l a t i o n s  (see appendix A). Performance of a s i n g l e  
nuc lear  s t a g e  a l s o  i s  shown f o r  s eve ra l  i n i t i a l  masses. Figure 19 i n d i c a t e s  
t h a t  t h e  s i n g l e  s t a g e  with an i n i t i a l  mass as l a rge  as 453,600 kg cannot 
d e l i v e r  any payload c l o s e r  than  about 0 .1  AU from the  Sun. With an i n i t i a l  
mass of 113,400 kg, t he  two-stage system cannot a t t a i n  the  o b j e c t i v e  p e r i ­
he l ion  d i s t ance .  I f  t he  i n i t i a l  mass i s  increased  t o  181,400 kg, a payload 
of about 1450 kg (payload f r a c t i o n  of 0.008) could,  under t h e  assumptions 
used i n  the  c a l c u l a t i o n s ,  be s e n t  t o  0.05 AU by the  two-stage system consid­
ered.  From these  r e s u l t s ,  it i s  obvious t h a t  t he  mass requi red  i n  Earth o r b i t  
f o r  even a small s o l a r  probe of only a few hundred kilograms i s  r e p r e s e n t a t i v e  
of t he  c a p a b i l i t y  of  two cu r ren t  Sa turn  V launch v e h i c l e s .  S tud ie s  a t  t h e  
Mission Analysis Divis ion i n d i c a t e  t h a t  t h e  use of a nuc lea r  s t a g e  i n  a sub­
o r b i t a l  mode with the  Sa turn  V launch veh ic l e  could increase  t h e  payload by 
perhaps 20 t o  30 percent  compared with i t s  use i n  an o r b i t - s t a r t  mode. In  
t h i s  case,  one s tandard  Saturn V and a nuclear/chemical system might be s u f ­
f i c i e n t  f o r  small bu t  perhaps adequate payloads t o  0 . 1  AU.  On t h e  o t h e r  hand, 
analyses  ( e . g . ,  r e f .  6) have ind ica t ed  t h a t  t he  sub jec t  so la r -probe  mission 
could be accomplished with a sma l l e r  launch veh ic l e  ( e . g , ,  a Sa turn  I-B) and 
a s o l a r  e l e c t r i c  o r  nuc lear  e l e c t r i c  upper-s tage propuls ion system, although 
the  mission time requi red  may exceed one yea r .  Hence, although s t ag ing  of 
nuc lear  and chemical rocket  engines does provide much b e t t e r  performance than  
a s i n g l e  nuc lear  s t a g e  a t  l a r g e  hyperbol ic  excess speeds,  t he  i n i t i a l  mass 
requirements f o r  a s o l a r  probe t o  wi th in  0 .05  AU o r  c l o s e r  a r e  s t i l l  of  such 
magnitude t h a t  cons idera t ion  of more advanced types of upper-s tage propuls ion  
f o r  t h i s  mission may wel l  be warranted.  
Probes i n  He l iocen t r i c  Orb i t s  Inc l ined  t o  E c l i p t i c  
From the  viewpoint o f  s c i e n t i s t s  concerned with s o l a r  and space phys ics ,  
instrumented probes o r b i t i n g  the  Sun i n  p lanes  i n c l i n e d  t o  t h e  s o l a r  equator  
a t  r e l a t i v e l y  l a r g e  angles  (45' t o  90") would be h ighly  d e s i r a b l e  t o  extend 
our knowledge and understanding of  s o l a r  phenomena and of  t he  space environ­
ment above and below t h e  e c l i p t i c .  Since the  s o l a r  equator  i s  i n c l i n e d  by 
only 7.25" t o  the  e c l i p t i c ,  t he  i n c l i n a t i o n s  of t he  probe o r b i t s  wi th  r e spec t  
t o  the  e c l i p t i c  would be almost equal  t o  those  with r e spec t  t o  t h e  s o l a r  
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equator .  If depar ture  from Earth co inc ides  with t h e  passage of Earth through 
t h e  descending node of t h e  s o l a r  equator  on t h e  e c l i p t i c  ( h e l i o c e n t r i c  
longi tude  = 255?356)  t h e  s o l a r  l a t i t u d e  reached by t h e  probe w i l l  be  t h e  
l a r g e s t  p o s s i b l e  f o r  a given i n c l i n a t i o n  o f  t h e  probe t r a j e c t o r y  with r e spec t  
t o  the  e c l i p t i c ,  and AV requirements w i l l  be nea r ly  minimum, s i n c e  Ear th  
i s  approaching i t s  aphel ion (lowest o r b i t a l  v e l o c i t y ) .  To achieve t h e  l a r g e s t  
i n c l i n a t i o n  of t h e  probe t r a j e c t o r y  f o r  a given hyperbol ic  excess v e l o c i t y ,  
t h e  l a t t e r  is made t o  l i e  i n  a d i r e c t i o n  normal t o  t h e  p lane  of  t h e  t r a j e c t o r y  
as shown i n  ske tch  (a) below. 
:; To sun l e s s  than t h e  o r b i t a l  v e l o c i t y  V, of  t h e  Ea r th .  The probe w i l l  t h e r e f o r e  have a p e r i h e l i o n  d i s t a n c e  l e s s  than 1 AU which decreases  w i t h  i nc reas ing  angle  of i n c l i n a t i o n .  For observa t ion  e o f  s o l a r  phenomena a t  high s o l a r  l a t i ­
tudes ,  such probe o r b i t s  could provide 
I 
r e l a t i v e l y  high r e s o l u t i o n  a t  t h ei" = h ighes t  l a t i t u d e  a t t a i n e d .  If  an 
Figure 20 shows t h e  hyperbol ic  excess speeds requi red  t o  a t t a i n  probe-
t r a j e c t o r y  i n c l i n a t i o n s  with r e spec t  t o  t h e  e c l i p t i c  up t o  90". Figure 19 
i n d i c a t e s  t h a t  a s i n g l e  nuc lear  upper-s tage propuls ion system is  incapable  
of p lac ing  any payload i n t o  h e l i o c e n t r i c  t r a j e c t o r i e s  i nc l ined  by as much as  
about 40" .  For an i n i t i a l  mass of 113,400 kg i n  Earth o r b i t ,  t h e  nuc lear -
chemical two-stage system could achieve an i n c l i n a t i o n  of only about 41" o r  
42" f o r  a small payload of  100 o r  200 kg. Increas ing  t h e  i n i t i a l  weight t o  
181,437 kg would enable an i n c l i n a t i o n  of about 47" o r  48" t o  be a t t a i n e d  with 
a small payload and two s t a g e s .  Here aga in ,  t he  use of a s u b o r b i t a l  s t a r t  
of t h e  nuc lear  s t a g e  (with a Saturn V launch veh ic l e )  could improve o v e r a l l  
performance somewhat. 
From the  foregoing r e s u l t s ,  it appears t h a t  achieving o u t - o f - e c l i p t i c  
probe misions wi th  angles  of i n c l i n a t i o n  as l a rge  as 45" o r  l a r g e r  i s  c o s t l y ,  
i n  terms of i n i t i a l  mass requi red  i n  Earth o r b i t ,  with nuc lea r  o r  chemical 
upper-stage propuls ion  d e s p i t e  t h e  s i g n i f i c a n t  i nc reases  i n  performance over  
a s i n g l e  s t a g e  a f forded  by a two-stage system, A s  i n  t h e  case of t he  s o l a r  
probe discussed previous ly ,  advanced propuls ion  systems such as  low-thrust  
e l e c t r i c  propuls ion a r e  worthy of cons idera t ion  f o r  such high-energy missions.  
A s  i nd ica t ed  i n  r e fe rence  7, t h e  use of e l e c t r i c  propuls ion  (powerplant 
s p e c i f i c  mass of 30 kg/kW) i n  combination with r e l a t i v e l y  small launch vehi­
c l e s  ( e .g . ,  At las /Centaur ,  T i tan  111-D/Agena D) could p l ace  payloads of a 
few hundred kilograms i n t o  s o l a r  o r b i t s  a t  1 AU with i n c l i n a t i o n s  extending 
t o  perhaps 60". A somewhat l a r g e r  launch veh ic l e ,  with a c a p a b i l i t y  similar 
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t o  t h a t  o f  a Sa turn  I /Centaur ,  would enable  angles  up t o  about 70" t o  be 
a t t a i n e d .  The t imes involved a r e  of  t he  o rde r  of  500 days with low-thrust  
systems. 
Synchronous S o l a r  O r b i t e r  
Es t ab l i sh ing  an instrumented spacec ra f t  i n t o  an o r b i t  having a per iod  
equal  t o  t h a t  of t h e  s o l a r  photosphere a t  some l a t i t u d e  ( e .g . ,  30") appears 
t o  be h ighly  d e s i r a b l e  from a s c i e n t i f i c  viewpoint .  Such an o r b i t  would 
uniquely permit observa t ion  of  t he  complete h i s t o r y  of  c e r t a i n  t r a n s i e n t  
s o l a r  phenomena ( e .g . ,  sunspots ,  f l a r e s )  from f i r s t  appearance t o  f i n a l  
demise. However, energy requirements f o r  t h i s  mission are enormous. A t  
Ear th  depar ture ,  a v e l o c i t y  increment of about 9 . 4  km/sec i s  requi red  t o  
reach t h e  r e q u i s i t e  p e r i h e l i o n  d i s t ance  of  0.176 AU. To capture  i n t o  a s o l a r  
o r b i t  a t  t h i s  d i s t ance  r e q u i r e s  a decrease i n  speed of more than  twice t h a t ,  
21.6 km/sec. No s i n g l e  chemical o r  nuc lear  system p resen t ly  under develop­
ment can provide t h i s  l a t t e r  v e l o c i t y  change. When thermal p r o t e c t i o n  and 
p rope l l an t  b o i l o f f ,  s h i e l d i n g  aga ins t  micrometeori te  puncture ,  and o t h e r  
i n e r t s  a r e  included i n  t h e  mass of t he  s t a g e s ,  c a l c u l a t i o n s  i n d i c a t e  t h a t  a 
combination of a nuc lea r  f irst  s t a g e  and a chemical second s t a g e  r equ i r e s  a 
gross  mass of s eve ra l  m i l l i o n  kilograms a t  pe r ihe l ion  a r r i v a l  i n  order  t o  
p l ace  an instrumented probe weighing only a few hundred kilograms i n t o  t h e  
c i r c u l a r  s o l a r  o r b i t .  C lea r ly ,  missions having such energy requirements as 
a r e  inherent  i n  the  s o l a r  synchronous o r b i t e r  must await  development of  more 
advanced propuls ion devices .  
Outer P lane t  O r b i t e r  Missions 
Figure 2 1  shows t y p i c a l  v a r i a t i o n s  with t r i p  t i m e  of optimum hyperbol ic  
excess speeds f o r  both Earth depar ture  and p l ane t  a r r i v a l  i n  t h e  case of b a l ­
l i s t i c  t r a j e c t o r i e s  t o  J u p i t e r ,  Sa turn ,  and Uranus. 1Iohmann t r a n s f e r  t imes ,  
f o r  which t o t a l  energy requirements a r e  minimum, a r e  ind ica t ed  i n  t h e  f i g u r e .  
The a r r i v a l  speeds a t  t h e  p l a n e t s  a r e  seen t o  be p a r t i c u l a r l y  s e n s i t i v e  t o  
v a r i a t i o n s  i n  t r i p  t ime.  
The v e l o c i t y  changes requi red  f o r  capture  depend not  only upon t h e  
a r r i v a l  speeds but  a l s o  upon the  mass of  t he  p l a n e t  and upon t h e  r ad ius  of 
the  capture  o r b i t .  Examples of  the  v a r i a t i o n  of capture  AV with a r r i v a l  
speed f o r  s e l e c t e d  c i r c u l a r  cap ture  o r b i t s  about J u p i t e r ,  Sa turn ,  and Uranus 
a r e  given i n  f i g u r e  22. Included f o r  comparison i s  t h e  v a r i a t i o n  of impul­
s i v e  AV with V, f o r  Earth depar ture .  I t  i s  i n t e r e s t i n g  t o  note  t h a t  
although t h e  capture  requirements a t  Saturn and Uranus a r e  smal le r  than  those  
a t  J u p i t e r  f o r  hyperbol ic  excess speeds l e s s  than about 0 . 3  t o  0 . 4  emos (9 t o  
1 2  km/sec), they a r e  la rger  a t  g r e a t e r  a r r i v a l  speeds.  Figure 21 i n d i c a t e s  
t h a t  t he  a r r i v a l  speed i s  about 0 . 4  emos f o r  a 3-year t r i p  t o  Sa turn  and f o r  
a 6-year t r i p  t o  Uranus. An a r r i v a l  speed of  0 . 4  emos corresponds t o  a 550­
day t r i p  time t o  J u p i t e r .  Hence, a s tudy of  o r b i t e r  missions t o  J u p i t e r  
involving t r i p  t imes as s h o r t  as 550 days w i l l  provide an upper l i m i t  on 
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capture  performance a t  Saturn and Uranus f o r  much longer  t r i p  t imes .  Impulsive 
AV se rves  as a v a l i d  c r i t e r i o n  here  s i n c e ,  a t  the  o r b i t a l  a l t i t u d e s  
considered,  g r a v i t y  lo s ses  a r e  n e g l i g i b l e .  
Simulation of capture  i n t o  an o r b i t  about J u p i t e r  ( the  o r b i t  of t h e  
Jovian  s a t e l l i t e  Ganymede a t  15 p lane t  r a d i i )  was c a r r i e d  out  f o r  payloads 
i n  o r b i t  of 4536 kg (10,000 l b )  and 907 kg (2000 l b )  and f o r  var ious  capture  
propuls ion sys t ems .  I n e r t  masses included those  r equ i r ed  by p r o p e l l a n t  b o i l -
of f  and tank thermal i n s u l a t i o n ,  by meteoroid sh i e ld ing ,  and f o r  i n t e r s t a g i n g  
between propuls ion s t a g e s ,  as w e l l  as those a s soc ia t ed  wi th  tank s t r u c t u r e  
and engines .  Resul t s  are shown as the  v a r i a t i o n  of  payload f r a c t i o n  wi th  t r i p  
t ime i n  f i g u r e  23. (No nuc lea r  performance i s  shown f o r  t h e  sma l l e r  payload 
s i n c e  t h e  assumed nuclear  engine ( t h r u s t  o f  444,800 N) proved t o  be too  heavy 
t o  compete with t h e  chemical s t a g e  even a t  t he  s h o r t e r  t r i p  t imes . )  Resul t s  
i n d i c a t e  t h a t  s t ag ing  of  two chemical systems g ives  b e t t e r  performance than  
does a s i n g l e  chemical s t a g e  f o r  a l l  t r i p  times shown i f  payloads as l a rge  as 
4536 kg a r e  placed i n  o r b i t .  For t r i p  times less than  500 days,  a combina­
t i o n  of  a nuc lea r  f irst  s t a g e  with a chemical second s t a g e  provides  t h e  b e s t  
performance. Even a t  a t r i p  time of  500 days,  however, t h e  payload f r a c t i o n  
is  l e s s  than 0.04 i n  t h e  case of t he  4536 kg payload. A s  can be seen  i n  t h e  
f i g u r e ,  the  payload f r a c t i o n  decreases  s i g n i f i c a n t l y  with decreasing payload 
mass. Hence, t he  gross  mass requi red  a t  a r r i v a l  can be expected t o  be l a r g e  
f o r  a reasonable  s i z e  payload f o r  t r i p  t imes as s h o r t  as 500 days.  
Figure 24 shows the  v a r i a t i o n  of the o v e r a l l  payload f r a c t i o n  with t r i p  
time f o r  t he  t o t a l  mission inc luding  p l ane t  cap ture  and Earth depa r tu re .  
Note t h e  s c a l e  change between f i g u r e s  23 and 24. For t h e  range of t r i p  t imes 
shown, a s i n g l e  nuc lear  s t a g e  g ives  b e t t e r  performance a t  Earth depa r tu re  
except a t  t r i p  t imes as s h o r t  as 400 days f o r  which a nuclear /chemical  two-
s t a g e  system is s l i g h t l y  s u p e r i o r  (see f i g s .  2 1  and 19 ) .  The r e l a t i v e  overalJ  
performances of t h e  var ious  combinations of propuls ion  systems used f o r  Ear th  
depar ture  and p l ane t  cap ture  a r e  thus  much the  same as f o r  t he  capture  phase 
shown i n  t h e  previous f i g u r e .  What t h i s  means i n  terms of  requirements f o r  
i n i t i a l  mass i n  Ear th  o r b i t  i s  ind ica t ed  i n  f i g u r e  25. For payloads as l a r g e  
as 4536 kg, p a r t  (a) of t he  f i g u r e  i n d i c a t e s  t h a t  reduct ions  of t r i p  t imes 
become s i g n i f i c a n t l y  more c o s t l y  i n  terms of t h e  mass requi red  i n  Ear th  o r b i t  
f o r  t r i p  times l e s s  than about 750-800 days r ega rd le s s  of t h e  propuls ion  
systems used.  Shown on the  f i g u r e  f o r  comparison purposes i s  t h e  nominal 
value of the  Ea r th -o rb i t a l  payload c a p a b i l i t y  of t he  cu r ren t  two-stage Sa turn  
V launch v e h i c l e .  Figure 25(a) i n d i c a t e s  t h a t  t he  use of two chemical s t a g e s  
r a t h e r  than e i t h e r  a nuclear/chemical combination o r  a s i n g l e  chemical s t a g e  
f o r  the  o r b i t  cap ture  maneuver i s  t o  be p r e f e r r e d  from a performance s tand­
p o i n t .  However, t he  f i g u r e  a l s o  shows t h a t ,  f o r  a given mass i n  Ear th  o r b i t ,  
r ep lac ing  a s i n g l e  chemical cap ture  s t age  by two chemical s t ages  w i l l  reduce 
the  t r i p  time by only a few weeks. The e f f e c t  of reducing the  requi red  pay­
load i s  shown i n  p a r t  (b) of f i g u r e  25. I t  i s  noteworthy t h a t  a f i v e f o l d  
reduct ion  i n  payload r e s u l t s  i n  considerably less than a twofold reduct ion  
i n  t h e  weight requi red  i n  Ear th  o r b i t  f o r  missions of t h e  same t r i p  t ime.  The 
f i g u r e  shows t h a t  f o r  a f ixed  i n i t i a l  mass the  use of two s t ages  r a t h e r  than  
one during t h e  capture  phase reduces t r i p  time by about 50 days a t  b e s t .  
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As remarked e a r l i e r ,  the  a n a l y s i s  of  t he  r o l e  of  s t ag ing  i n  t h e  J u p i t e r  
o r b i t e r  mission can serve t o  gage t h e  e f f ec t iveness  of  s t ag ing  i n  o r b i t e r  
missions t o  Saturn and Uranus. I t  was noted t h a t  i f  a t r i p  time of t h r e e  
years  i s  s t i p u l a t e d  f o r  a mission t o  Sa turn ,  f i g u r e  21  i n d i c a t e s  t h a t  t h e  
hyperbol ic  excess speed a t  a r r i v a l  (0 .4  emos) is t h e  same as t h a t  f o r  a 550­
day t r i p  t o  J u p i t e r .  As shown i n  f i g u r e  22,  t he  AV requi red  f o r  capture  
a t  t h i s  a r r i v a l  v e l o c i t y  i s  e s s e n t i a l l y  the  same f o r  t h e  two p l a n e t s .  Hence, 
t he  performance of t he  capture  s t a g e ( s )  would be e s s e n t i a l l y  t h e  same f o r  
both p l ane t s  under these  condi t ions  f o r  i d e n t i c a l  payloads de l ive red  provided 
t h a t  t h e  i n e r t  masses were equ iva len t .  Chief ly  because of  t h e  much longer  
t r i p  time o f  t h e  Saturn mission,  t he  i n e r t  masses represented  by p r o p e l l a n t  
b o i l o f f ,  tank thermal i n s u l a t i o n  and micrometeoroid p r o t e c t i o n  would be l a r g e r  
than those f o r  t he  550-day J u p i t e r  mission.  Hence the  capture  phase a t  Sa turn  
f o r  a 3-year t r i p  t i m e  would r e q u i r e  a l a r g e r  gross  mass a t  a r r i v a l  than  t h e  
similar maneuver f o r  a 550-day t r i p  t o  J u p i t e r  f o r  a given de l ive red  payload.  
Likewise, f i g u r e  2 1  shows t h a t  t h e  hyperbol ic  excess speed r equ i r ed  a t  Ear th  
depar ture  i s  l a r g e r  by about 0 .04  emos (1 .2  km/sec) f o r  t he  3-year Sa turn  t r i p  
than f o r  t he  550-day J u p i t e r  mission.  I t  can be expected, t h e r e f o r e ,  t h a t  t h e  
masses requi red  i n  Earth o r b i t  would be considerably l a r g e r  than  those shown 
i n  f i g u r e  22 f o r  t h e  550-day J u p i t e r  t r i p  t ime f o r  comparable de l ive red  pay­
loads.  The same conclusion can be drawn f o r  a Uranus o r b i t e r  mission which 
takes  6 years  of t r a v e l  t i m e .  
More advanced space propuls ion  systems may be d e s i r a b l e  t o  reduce the  
t r i p  times t o  p l a n e t s  beyond J u p i t e r .  Reference 8 conta ins  examples of  
o r b i t e r  missions t o  ou te r  p l a n e t s  by means of  combined high- and low-thrust  
propuls ion systems. A 3-year mission t o  Uranus, f o r  example, i s  shown t h e r e  
t o  r equ i r e  i n  the  neighborhood of 90,000 kg (200,000 lbm) i n  Ear th  o r b i t  f o r  
a de l ivered  payload i n  Uranus o r b i t  (18.367 r a d i i )  of 4536 kg  (10,000 lbm) i f  
a chemical propuls ion system i s  used i n  combination with a low-thrust  e l e c t r i c  
system (propuls ion system s p e c i f i c  mass = 10 kg/kW) during Ear th  depar ture  and 
i f  capture  i s  accomplished by low-thrust  s p i r a l i n g .  Use of a nuc lea r  high-
t h r u s t  s t age  r a t h e r  than the  chemical s t a g e  would correspondingly r e q u i r e  
about 57,000 kg (125,000 lb )  i n  Earth o r b i t .  Calcu la t ions  with l a r g e r  va lues  
of s p e c i f i c  mass which may be more t y p i c a l  of f i r s t - g e n e r a t i o n  nuc lear -
e l e c t r i c  propuls ion systems i n d i c a t e  t h a t  the  masses i n  Earth o r b i t  c i t e d  
above might be doubled, o r  t he  payloads halved.  Even s o ,  t h e  mission appears 
t o  be wi th in  the  c a p a b i l i t y  of one launch veh ic l e  of t he  s tandard  Sa turn  V 
c l a s s  i f  n u c l e a r - e l e c t r i c  systems were a v a i l a b l e .  
Manned O r b i t e r  Mission t o  Mercury 
A s  an example of a mission f o r  which i n i t i a l  mass r equ i r ed  i n  Ear th  
o r b i t  is  unreasonably l a r g e  when s i n g l e  s t ages  of so l id -co re  nuc lea r  propul­
s ion  a r e  used f o r  each of t h r e e  r equ i r ed  major v e l o c i t y  changes, t h e  manned 
o r b i t e r  mission t o  Mercury i s  s e l e c t e d  t o  determine i f  t he  use of two s t a g e s  
w i l l  reduce t h e  i n i t i a l  mass r equ i r ed  t o  more acceptab le  va lues .  
In  any one yea r ,  t h e r e  a r e  t h r e e  oppor tun i t i e s  f o r  accomplishing t h e  
Mercury round- t r ip  mission.  One of t hese  per iods  gene ra l ly  r e q u i r e s  much 
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lower t o t a l  v e l o c i t y  changes than the  o t h e r  two. Associated with each of 
t hese  oppor tun i t i e s  i s  an optimum pe r iod  (s tayt ime)  between a r r i v a l  and 
depar ture .  One of  t he  most favorable  oppor tun i t i e s  i s  s e l e c t e d  f o r  t h e  
p re sen t  purpose.  Hyperbolic excess speeds r equ i r ed  i n  t h i s  case are, i n  emos, 
0.3231, 0.2819, and 0.3643 f o r  Earth depa r tu re ,  Mercury a r r i v a l ,  and Mercury 
depar ture ,  r e s p e c t i v e l y .  Atmospheric braking upon r e t u r n  t o  Earth i s  assumed. 
A s tay t ime of  80 days i s  optimum f o r  minimizing energy requirements .  T r ip  
times of  90 days,  Earth t o  Mercury, and 200 days,  Mercury t o  Ear th ,  are 
r equ i r ed .  An o r b i t  c l o s e  t o  t h e  p l a n e t  su r f ace  ( a l t i t u d e  = 93 km (50 n .  mi . ) )  
i s  chosen f o r  t h e  mission.  
A mass of 45,360 kg (100,000 lb )  i s  assumed f o r  t h e  spacec ra f t  on the  
r e t u r n  l eg .  This mass inc ludes  those  of a mission module and of an Ear th  
e n t r y  veh ic l e .  Compared i n  f i g u r e  26 are t h e  masses r equ i r ed  a t  depar ture  
and a r r i v a l  a t  Mercury, and the  i n i t i a l  masses i n  Ear th  o r b i t  f o r  t h e  use 
of  a s i n g l e  s t a g e  i n  each phase with those  r equ i r ed  when two s t ages  of propul­
s i o n  are used. Also ind ica t ed  i n  the  f i g u r e  a r e  the  number of propuls ion  
modules requi red  i n  each s t a g e  e i t h e r  t o  maximize t h e  payload f r a c t i o n  o r  t o  
cons t r a in  t h e  nuc lea r  engine opera t ing  t i m e  t o  no more than  2700 s e c .  The 
t h r u s t  l e v e l  of t h e  nuc lea r  engines i s  assumed t o  be 444,822 newtons 
(100 ,000 l b f )  . 
Although the  advantages of s t ag ing  a r e  q u i t e  modest i n  terms of payload 
f r a c t i o n s  a t  any one of t h e  t h r e e  phases ,  t he  o v e r a l l  reduct ion  i n  t h e  
requirement f o r  mass i n  Ear th  o r b i t  i s  s i g n i f i c a n t ,  nea r ly  40 pe rcen t .  Even 
so ,  however, undertaking t h i s  mission with c u r r e n t  launch veh ic l e s  and wi th  
so l id -co re  nuc lea r  spacec ra f t  p ropuls ion  systems s t i l l  does not  appear prac­
t i c a l .  Resul ts  of re ference  1 i n d i c a t e  t h a t  t he  mass i n  Ear th  o r b i t  f o r  t h i s  
mission could be reduced t o  about 400 me t r i c  tons  i f  l i q u i d - o r  gaseous-core 
nuc lea r  rocke ts  with s p e c i f i c  impulses of 2000 sec were a v a i l a b l e .  In  
re ference  9,  it was shown t h a t  use of  combined nuc lea r  and low-thrust  e l ec ­
t r i c  propuls ion f o r  t he  sub jec t  mission might reduce the  mass i n  Earth o r b i t  
t o  about one-fourth o f  t h a t  r equ i r ed  by h igh - th rus t  nuc lea r  systems. I t  
must be concluded t h a t  manned missions having energy requirements comparable 
with those of the  Mercury mission examined he re  must await development of 
propuls ion systems having much h igher  performance than  t h a t  poss ib l e  with 
so l id -co re  nuc lear  o r  chemical engines ,  whether s t aged  o r  n o t .  
CONCLUDING REMARKS 
An assessment has  been made of  performance advantages t h a t  might be 
obtained by the  u s e  of  more than one s t a g e  o f  space propulsior! t o  provide  
the  l a r g e  v e l o c i t y  changes inhe ren t  i n  space missions of p a r t i c u l a r l y  high 
energy. 
In  analyzing the  condi t ions  under which mul t ip l e  s t ages  of propuls ion 
would achieve maximum performance, i t  was found t h a t  a commonly employed 
s i m p l i f i e d  theory based upon the  concept of a cons tan t  value f o r  t h e  i n e r t  
f r a c t i o n  g ives  unduly o p t i m i s t i c  p r e d i c t i o n s  f o r  advantages of using more 
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than one s t a g e  f o r  a given v e l o c i t y  change. The b a s i s  f o r  comparison was a 
method of  s o l u t i o n  t h a t  employs an empi r i ca l ly  der ived ,  nonl inear  s c a l i n g  l a w  
f o r  i n e r t  masses and depends upon numerical i n t e g r a t i o n  of t h e  equat ions of 
motion of veh ic l e s  undergoing t a n g e n t i a l  t h r u s t  a c c e l e r a t i o n  wi th in  t h e  g rav i ­
t a t i o n a l  f i e l d  of  a p l a n e t .  A second t h e o r e t i c a l  a n a l y s i s  based on an i n e r t  
s c a l i n g  law nea r ly  equiva len t  t o  t h a t  used i n  t h e  numerical method was found 
t o  g ive  r e s u l t s  almost i d e n t i c a l  t o  those  of t h e  numerical  method i n  t h e  case 
of performance of two s imilar  s t a g e s .  However, both of t h e  t h e o r e t i c a l  so lu ­
t i o n s  r e q u i r e  t h a t  equiva len t  "gravi ty- loss ' '  v e l o c i t i e s  be known i n  o rde r  t h a t  
meaningful r e s u l t s  w i l l  be  obtained i n  app l i ca t ions  t o  maneuvers c l o s e  t o  
p l a n e t s .  Gravi ty  l o s s e s  due t o  f i n i t e  t h r u s t  a r e  c a l c u l a t e d  and taken i n t o  
account i n  t h e  method based upon numerical i n t e g r a t i o n .  Furthermore, a n a l y t i c  
s o l u t i o n s  i n  t h e  genera l  case of d i s s i m i l a r  s t ages  a r e  not  e x p l i c i t  and the re ­
f o r e  r e q u i r e  i n d i r e c t  methods of  approximation t o  y i e l d  answers. The method 
based on numerical s imula t ion  of a two-stage veh ic l e  opera t ing  i n  t h e  near  
v i c i n i t y  of p l ane t s  was designed t o  accommodate combinations of s t ages  having 
d i f f e r e n t  s p e c i f i c  impulses,  d i f f e r e n t  i n e r t  c h a r a c t e r i s t i c s ,  and d i - f f e ren t  
t h r u s t  l eve ls .  This method a l s o  gives  ind iv idua l  s t a g e  ope ra t ing  times more 
r e a l i s t i c  than can be obtained from the  a n a l y t i c  s o l u t i o n .  For such reasons ,  
t h e  numerical method is employed t o  ob ta in  t h e  d a t a  r equ i r ed  i n  the  s tudy .  
Other r e s u l t s  and conclusions obtained from the  present  s tudy a r e  
b r i e f l y  summarized as fo l lows .  
(a)  In  gene ra l ,  f o r  assumed nominal es t imates  of i n e r t  masses, 
advantages of s t ag ing  become s i g n i f i c a n t  only a t  such l a rge  v e l o c i t y  r equ i r e ­
ments t h a t  t h e  r a t i o s  of payload mass t o  i n i t i a l  mass a r e  about 10 percent  o r  
l e s s .  I f  i n e r t  masses a r e  considered t o  be l a r g e r  than t h e  assumed nominal 
va lues ,  r e s u l t s  i n d i c a t e  t h a t  s t ag ing  becomes advantageous a t  v e l o c i t y  
requirements somewhat less than  those  found i n  the  case of nominal i n e r t  
va lues ,  although performance a t  corresponding energ ies  is reduced. 
(b) The use of more than  two s t ages  t o  provide l a r g e  v e l o c i t y  change does 
not appear t o  be warranted.  
(c) I f  chemical and nuc lear  s t ages  a r e  t o  be combined f o r  a two-stage 
propuls ion system, b e t t e r  performance w i l l  r e s u l t  i f  t h e  chemical system i s  
used as the  second, r a t h e r  than  t h e  f i r s t  s t a g e .  
(d) The optimum i n i t i a l  a c c e l e r a t i o n  ( t h r u s t  l e v e l )  of t h e  f i r s t  s t a g e  
of  a two-stage space propuls ion  system i s  not e s s e n t i a l l y  d i f f e r e n t  from t h a t  
found f o r  a s i n g l e  s t a g e  similar t o  the  f i r s t  s t a g e .  Performance of a two-
s t a g e  system is  l e s s  s e n s i t i v e  t o  t h e  i n i t i a l  a c c e l e r a t i o n  than  t h a t  of  a 
s i n g l e  s t a g e .  
(e) The t h r u s t  l e v e l  of t h e  second s t a g e  of a two-stage propuls ion  
system can vary by about an o rde r  of-magnitude (from about 0 . 1  t o  t h e  same as 
t h a t  of t h e  near-optimum f i r s t  s t age )  without s e r i o u s l y  degrading o v e r a l l  
performance. Allowable engine opera t ing  time may impose a lower l i m i t  on 
t h r u s t  l e v e l  under c e r t a i n  condi t ions  ( e . g . ,  very high mission-energy 
requirements) . 
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( f )  Although s t a g i n g  of chemical and nuc lea r  systems makes p o s s i b l e  t h e  
accomplishment of  c e r t a i n  high-energy missions t h a t  are beyond t h e  c a p a b i l i t y  
of s i n g l e  s t ages  ( e . g . ,  a s o l a r  probe t o  0.05 AU o r  c l o s e r ,  and probes a t  
h e l i o c e n t r i c  l a t i t u d e s  of 45" o r  h ighe r ) ,  t h e  r a t i o  of  t h e  mass r equ i r ed  i n  
Earth o r b i t  t o  t h e  payload mass i s  so  unfavorable  t h a t  cons idera t ion  of 
development of  more advanced propuls ion systems ( e . g . ,  s o l a r - e l e c t r i c  o r  
n u c l e a r - e l e c t r i c )  f o r  such missions may be warranted.  
(g) Staging o f  chemical o r  so l id -co re  nuc lea r  propuls ion  systems t o  
reduce t r i p  times f o r  o r b i t e r  missions t o  p l a n e t s  beyond Mars does not  
appear s u f f i c i e n t l y  rewarding t o  j u s t i f y  the  added complexity involved.  
(h) In  the  case of  t h e  extremely d i f f i c u l t  manned o r b i t e r  mission t o  t h e  
p l ane t  Mercury, t h e  use of two, r a t h e r  than one, nuc lea r  s t ages  f o r  Ear th  
escape, p l ane t  cap ture ,  and p l ane t  escape reduces the  s i n g l e - s t a g e  r equ i r e ­
ment f o r  mass i n  Earth o r b i t  by about 40 p e r c e n t .  Even s o ,  however, t h e  
i n i t i a l  mass r equ i r ed  is  s e v e r a l  mi l l i on  ki lograms.  To cope with t h e  high 
energy requirements of  such missions and t o  br ing  t h e  i n i t i a l  mass r equ i r e ­
ments down t o  more p r a c t i c a l  va lues ,  development of  more advanced propuls ion  
systems such as a l i q u i d - o r  gaseous-core nuc lear  engine o r  a nuc lear -
e l e c t r i c  low-thrust  system would be necessary.  
The foregoing r e s u l t s  i n d i c a t e  t h a t  although us ing  more than one s t a g e  
of space propuls ion f o r  high-energy i n t e r p l a n e t a r y  missions does make many 
such missions f e a s i b l e ,  t he  cos t  i n  terms of Earth launch veh ic l e  r equ i r e ­
ments y e t  remains s o  high with c u r r e n t l y  envisaged chemical and nuc lea r  
systems t h a t  cons idera t ion  of  more advanced space propuls ion  systems f o r  
such missions may be warranted.  
National Aeronautics and Space Adminis t ra t ion 
Moffett  F i e ld ,  Ca l i f . ,  94035, Aug. 5 ,  1969 
30 

I 

APPENDIX 

INERT SCALING LAWS 

Scal ing  laws f o r  i n e r t  masses and formulas f o r  i n t e r s t a g i n g  weight used 
i n  t h i s  s tudy a r e  summarized below. 
Mass of Chemical Engines 
(Ref. 1) 
The s c a l i n g  l a w  f o r  chemical engines was empir ica l ly  der ived  from 
c h a r a c t e r i s t i c s  of l i qu id - rocke t  engines ranging i n  t h r u s t  from 15,000 l b f  t o  
over l o 6  l b f .  
ME = -rTE + 45 kg 
where 
T 0.0125 
TE engine t h r u s t ,  kg ( force)  
Mass of Nuclear Engines 
The v a r i a t i o n  of t h e  mass of t h e  s o l i d  graphi te -core  nuc lear  engine wi th  
t h r u s t  l e v e l  is given i n  f i g u r e  2 .  The curve i s  based on d a t a  obtained from 
t h e  NASA Space Nuclear Propuls ion Of f i ce .  
Mass of  Propel lan t  Module 
( r e f .  1) 
(Total  mass of propuls ion module excluding engine 
and thermal and meteoroid p ro tec t ion )  
MS = N 0 - 1 ( A / c 7 0 * 5 3 3 ) M p 0 - 9  f 500 N kg 
A 0.10 f o r  nominal va lue  
c7 s p e c i f i c  g r a v i t y  of p r o p e l l a n t  
Mp mass of p r o p e l l a n t  
N number of  propuls ion  modules 
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Mass of  P rope l l an t  Boi lof f  and Thermal I n s u l a t i o n  
( r e f .  1)  
The following s c a l i n g  law i s  based upon minimizing t h e  sum of t h e  
masses of b o i l o f f  and tank i n s u l a t i o n ,  and upon t h e  use of  c y l i n d r i c a l  t anks  
with hemispherical  ends and a length- to-d iameter  r a t i o  of 3 .0 .  
MBO -+ MINS = B(Mp/o) 2 / 3  ( t  AT/L) 1/2 
B 0.034 f o r  nominal va lue  
t exposure t ime,  days 
AT temperature d i f f e r e n c e  across  i n s u l a t i o n  
L l a t e n t  hea t  of  vapor iza t ion  of  p r o p e l l a n t ,  kcal/kg 
The i n s u l a t i o n  ma te r i a l  i s  assumed t o  be of t h e  high-performance type  wi th  a 
conduct iv i ty  of 4 . 4 4 ~ 1 0 - ~kcal/hr-m/K and a dens i ty  of 80 kg/m3. 
Meteoroid Shie ld ing  
( r e f .  1) 
The following s c a l i n g  l a w  i s  based upon t h e  1963a Whipple d i s t r i b u t i o n  
of near-Earth cometary p a r t i c l e s ,  upon t h e  Nysmith-Summers pene t r a t ion  theory ,  
a p a r t i c l e  dens i ty  of  0 .5  kg/km3 and an average p a r t i c l e  v e l o c i t y  of 20 km/sec, 
upon t h e  use of aluminum as s h i e l d  material ,  and upon t h e  same tank geometry 
descr ibed above. For s ing le - shee t  p r o t e c t i o n ,  t h e  mass Mm of  t h e  s h i e l d  i s  
given by 
% = C(Mp/.) 5 / 6  t 1 / 4  
C 0.06 f o r  nominal value f o r  h e l i o c e n t r i c  d i s t ances  l e s s  than t h a t  of t h e  
a s t e r o i d  be 1t 
C 0 .10 f o r  t r i p s  through t h e  a s t e r o i d  b e l t  
The use of a double-sheet s h i e l d  ("Whipple bumper") i s  assumed when 
warranted. The fol lowing condi t ions  determine t h e  mass of s h i e l d i n g  ma te r i a l  
which i s  requi red  i n  add i t ion  t o  the  mass of t h e  p r o p e l l a n t  t ank .  
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where 
M' = 0.8MS
S 
I n t e r s t a g i n g  and C lus t e r ing  S t r u c t u r e s  
The masses of var ious  i n t e r s t a g i n g  and c l u s t e r i n g  s t r u c t u r e s  are der ived 
from r e s u l t s  of a con t r ac t  s tudy ,  NAS8-20007 ( r e f .  9 ) .  
For i n t e r s t a g e  s t r u c t u r e s  used t o  in te rconnec t  propuls ion modules, 
t h e  fol lowing s c a l i n g  l a w s  are used. 
For nuc lear  systems 
For chemical systems 
M~~~ = 65(D1 + D2) 
where D1 and D2 a r e  t h e  diameters  i n  meters .  
For c l u s t e r i n g  two o r  more propuls ion  systems i n  p a r a l l e l ,  t h e  mass 
requi red  is  
M~~~~~ = 970(N - 1) 
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Figure 1.- P l o t s  o f  s c a l i n g  law f o r  propellant-module i n e r t  mass and i n e r t  
f r a c t i o n .  
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Figure 2 . - Var i a t ion  of  nuc lea r  engine mass with engine t h r u s t .  
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Figure 3 . - Variat ion of  payload f r a c t i o n  with Figure 3. - Concluded. 
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Figure 4 . - Var ia t ions  of optimum i n i t i a l  a c c e l e r a t i o n s  and assoc ia ted  
payload f r a c t i o n s  with hyperbol ic  excess speed f o r  chemical upper-
s t a g e  propuls ion system; Earth depar ture .  
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Figure 5 . - Effect of i n e r t  mass on optimum i n i t i a l  acce le ra t ion  and on 
optimum payload f r a c t i o n  during Earth depar ture  with chemical upper 
s t age ;  i n i t i a l  mass = 113 400 kg (250,000 lbm). 
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Figure 7 . - Var ia t ions  of optimum i n i t i a l  acce le ra t ions  and a s soc ia t ed  
payload f r a c t i o n s  with hyperbol ic  excess speed f o r  nuc lear  upper-
s t a g e  propuls ion system; Earth depar ture .  
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Figure 8.- E f f e c t  of i n e r t  mass on optimum i n i t i a l  acce e r a t i o n  and on 
optimum payload f r a c t i o n  during Earth depar ture  with nuc lear  s i n g l e  
s t age ;  t h r u s t  = 444,822 N (100,000 l b f ) .  
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Figure 10.- Effect of  second-stage t h r u s t  l e v e l  on performance of  
two-stage veh ic l e ;  Earth depa r tu re .  
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Figure 11.- Effec ts  of f i r s t - s t a g e  a c c e l e r a t i o n  on o v e r a l l  performance 
of two s t ages  during Earth escape. 
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Figure 12.- Comparison of stage thrusting times for different first-
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f o r  J u p i t e r  o r b i t e r  mission. 
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Figure 25. - Concluded. 
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Figure 26.- Effectiveness of  s tag ing  i n  a manned 
o r b i t e r  mission t o  Mercury wi th  nuclear  
propu Ision.  
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